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4 INTRODUCTION. 

a, 2 b, 3 ax, &c. quantities consisting of one term, are 
. called simple quantities. 
a+x, a quantity consisting of two terms, is called a binomial. 

l—c (that particular species of binomial which expresses the 
difference between two quantities) is called a residual. 

lx+y—%, a quantity consisting of three terms, is called a tri- 
nomial. 

a*x+by—3c+d, a quantity consisting of four terms, is 
called & qtiadrinomiaL 

a+b—c+x — J/&C a quantity consisting of an indefinite 
number of terms, a, multinomial. 



11. The sign = placed between two or more quan- 
tities, expresses the equality of such quantities; thus, 
€S -a+b=c+d/ 9 means that a+b is equal to c+d; and 
" ax+by=zcx+dy=2x+fy" mean that the quantities 
ax+by, cx+dy, and ex+fy 9 are all equal to each other. 
When quantities are thus connected together by this sign of 
equality, the expression itself is called an equation. 

12. In algebraical operations the* word therefore, or 
consequently, often occurs. To express this word, the symbol 
•>. is generally made use of; thus, the sentence "therefore 
a+b is equal to e+d" is expressed by u .•.a+fr^c+d." 

ii. 

Exemplification of the Algebraic Signs and Symbols. 

13. The use of these several signs, symbols, and abbre-. 
viations, may be exemplified in the following manner : 

EXAMPLfl I. 

In the algebraic expression a+fl— cylet a=9, #=7> and 
cm3; then 

a+i-c=9+7— 3 

Ex.2. 



INTRODUCTION. $ 

Ex. 2, 

In the expression ax+ay—xy, let a=5, x=±2, tf=7; 
then, to find its value, we have 

ax+&y-T xy=5X2 + 5x7 — 2x7 . 

= 10+35 — 14 

=45—14 = 31. 



. « 



Ex.3. 

What is the value of ax + V, where a= 5, £=3, x=7, 
andyts5? 

Here ax+#y=5x7 + 3x5=35 + l5=50, 
and J+x=3+7=10; 
. ax+ by 50* ' 

. — r— — **- = — = 5. 
#+X 10 



. . 



Ex. 4. 

In the expression ^ i — f fet a==3, J=5, c=2, x=6j 

What is its numerical value ? 

Hereax*+fl 1, =3x6x6 + 5x5 = 108 + 25 = 133, 
and #x— a*— c=5x6— 3X3 — 2=30— 9— 2=19; 



• . 



bx—d*—c 19 



Ex. 5. 

There is a certain algebraic expression consisting of six 
terms connected together by the sign plus; the first term 
of it arises from multiplying three times the square of a by 
the quantity b; the second term is the sum of the squares 
of a and b divided by the quantity c ; the third is the product 
of a, i, and c; the fourth is /wo MzVtfc of the product of 
a and 2; the J?#A arises from dividing the square of a by 

the 



rjl -- 



& INTRODUCTION. 

the cube of b; and the last term is a fraction, whose 
binomial numerator is the difference between a and b, and 
whose trinomial denominator is the sum of the cubes of a 
and b and the fourth power of c. 

All this is expressed, in one line of algebraic writing, thus; 

3a*b + r-a#c+ F-T+-3 — n *• 

c 3 4' a 3 +**+c 4 

Let a=4, "| then the value of this quantity is, 

i „ l *** . -16 + 9 . „ A . « . 18 . 4*-3: 
0=3, >144 + — — + 24 + 8 + --+ - ~ 

J 2 27 64 + 27 -M6\ 

c=?2;J or 
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CHAP. I. 

OVTHB 

ADDITION, SUBTRACTION, MULTIPLICATION 

AND 

DIVISION OF ALGBBRAIC QUANTITIES. 



14. Previous to the application of the fundamental 
rules of. Arithmetic to Algebraic quantities, it may be proper 
to observe, that the symbols + and — are distinguished from 
all the other, signs or symbols, by giving a kind of quality or 
affection to the quantities to which they are annexed. As 
all those terms which have the sign + prefixed to them are 
to be added, and those which have the sign — prefixed to 
them are to be subtracted, from the terms which precede 
them, the former have a tendency to increase, and the latter 
to diminisfi, the quantities with which they are combined. 
A compound quantity, x—a for instance, will therefore be 
positive or negative, according to the effect which it produces 
upon some third quantity c. Thus, if x be greater than a, 
the c+x—a (since x is added and a subtracted) is greater 
than c\ if a; be less than a, then c+x—a is less thane; 
ue. "if x be greater than a, x—a is positive; and if x be 
less than a, then x—a is negative." In the same manner 
it might be shewn that the expression a— i-f c— d is positive 
df negative, according as a-fcrs greater or less than b+d; 
iHld so of all compound quantities whatever. 

ADDITION, 
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III. 

ADDITION. 

From the division of algebraic quantities into positive and 
negative, like and unlike, there arise three cases of Addition. 

Case I. 
To a^d like quantities with like signs. 

15. In this case, the rule is " To add the coefficients of 
" the several quantities together, and to the result annex the 
" common sign, and the common letter or letters;" for it is 
evident, from the common principles of Arithmetic, if + 2 a, 
+ 3 a, and + 5 a be added together, their sum must be + 10 a ; 
and if — 3#% — 4 J", and — 8 J* be added together, their sum 
rtmst be -?15#V 

Ex.l. Ex.2. Ex.3. 

8a?+ 3tf~ 4# 7& 9 + 3uy— 5flc 4a*— 3«"+ 1 

sx+ 2a-* 5b pi?+ %xy~ ibc 2a 3 — ^a*+i7 

4x+ 8a— 7# lias" 4- toy — 4fc 5a*— 2a* 4- 4 

«9fc+ 4a— 6b x*+'4xy~ be 3a 3 — 7* a + 3 

<5ir4- 7a-? 9* #*+ 9&y~ $b* tf— a"+10 

■■> . 1. 1 1 . ■. .i i n > ii » t ■ i « i . . . . 

2&z+24a — 31* 29**+23xw— 19^c 15a*— 14a" + 35 

Ex.4. Ex.5. Ex.6. 

3#*+4jp*— a? 7a 3 — 3a 9 £+2afl*— 3i 3 2x"y— 3x+ % 

2a? + #"— 3# 4a*— a*# + afl"— . fl 3 . 4afy~* 2x + 1 

7^+S^'— So; a*— 2a"i + 3ai"— 5i* 3xty— 5x+10 

4a£+ f%r.« 5a*— 3a*£+4ai".— g£ 3 afy — x+15 



x^ 



In these Examples it maybe observed that some of the 

quantities have no coefficient. In this «ase, unity or 1 is 

always understood. Thus, in adding up the first column 

of Ex.2, we sayj i + i + ii + 9 + 7c=29j in the third, 

2 + 1+4+7 + 5 = 19; and so of the rest. 

Case 
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Case II. 

To add like quantities with unlike signs. 

16. Since (by Art. 14) the compound quantity a + b—c 
+d—e &c. is positive or negative, according as the sum of 
the positive terms is greater or less than the sum of the 
negative ones, the aggregate or sum of the quantities 
2 a— 4a-f7a — 3a will be + 2 a, and of the quantities 
7#* — 5# 9 +2 J a — 8 J will be —4b* ; for in the former case, the 
excess of the sum of the positive terms above the negative 
ones is 2 a, and in the latter 4# 9 . Hence this general rule 
for the addition of like quantities with unlike signs, " Collect 
" the coefficients of the positive terms into one sum, and also 
" of the negative ; subtract the lesser of these sums from 
" the greater ; to this difference, annex the sign of the 
" greater together with the common letter or letters, and the 
" result will be the sum required." 

If the aggregate of the positive terms be equal to that of 
the negative ones, then this difference is equal to ; and con- 
sequently the sum of the quantities will be equal to O, as in 
the second column of Ex. 2. following. 

Ex.1. Ex.2. Ex.3. 

4x* — 3x+ 4 — 7a# + 3#c— xy . — 5a?+\3x % 

-f-2x"-f: x— 5 — ab+Qbc+4xy —Qa?— 4x 

3a?*— 5x-J- 1 3ab— bc+Qxy Ta?+ x* 

7^+2a;— 4 — 2ai + 4ic— 3xy 9^— 14x* 

— as*— 4X+13 bab— &bc+ xy — I3a?—2x* 

ll# a — 9x+ 9 —2ab ♦ +3xy — 4a?—6x % 



Ex. 4. Ex. 5. Ex. .6. 

4a?— 2x+3y 5a*— 2ab + V 4ar - y a + 2a?y— 3 

a? + 4x— y k — a'-f ab—Qb* — #V— xy — l 

la?— x+9y 4a 3 — 3ab + b* 3a?y+4a?y — 5 

9x 3 + 21a;— 2y 2a 3 + 4a£— 4# 9 — 9afy 8 — 2 ay + 9 



Cash 
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Case III. 

17. There now only remains the case where unlike quan- 
tities are to be added together, which must be done by col- 
lecting them together into one line, and annexing their 
proper signs; thus the sum of 3x, —2a, -f 5t, — 4y, is 
3 #— 2a + 5#— 4y; except when like and unlike quantities 
are mixed together, as in the following examples, where the 
expressions may be simplified, by collecting together such 
quantities as will coalesce into one sum. 

Ex. h 

3d If "f - 0D mmm V I 

4c -2y + x I _ Collectin g together like quan- 

5a b — 3c+ d (titles, and beginning with 3ab, 

4y +rf-*» I We have 3fli + 5ai=8ai; +x 

8ab + 2x— v + c+d+x *1 „ y v^^y 

* J2y=-v; 4c-3c=+c; besides 

which there are the two quantities +d and +x% which 

do not coalesce with any of the others; the sum required 

therefore is 8a#-f 2aj— y + c+d+x*. 

Here 4 a?*—- x*=3x* 
-2xy+xy=-xy 
+ 1-15=-14 
-3y+4y+y=+2y 
+4x 3 -^3x 3 +5a; 3 r= + l2x , 



Ex.2. 

4x*— 2a?y+l — 3y + 4x 3 
4y +30C 3 — y* -fxy— # a 
5a 3 — 2a? -fy —15+ y 9 



3x*— xy — \4 + 2y+12a? — 2x 



-Sf'+y f «o 



IV. 
SUBTRACTION. 

18. If it were required to subtracts— 2 (i.e. 3) from 9, 
it is evident that the remainder would be greater by 2, than 
if 5 only were subtracted. For the same reason, if b-c 

were 



SUBTRACTION. 1 1 

were subtracted from a 9 the remainder would be greater by c, 
than if I only were subtracted. Now, if b is subtracted from 
a, the remainder is a—b\ and consequently, if b—cbe sub- 
tracted from a, the remainder will be a— b + c. Hence this 
general Rule for the subtraction of algebraic quantities ; 
" Change the signs of the quantities to be subtracted, and 
" then place them one after another, as in Addition." 

Ex. 1. 

From 5a+3x— 26, take 2c— 4y. The quantity to be 
subtracted with its signs changed, is— 2c+4y$ therefore 
the remainder is 5a+3x— 2# — 2c+4y. 

Ex. 2. 

From 7x*—Qx + 5, take 3x*+5x— 1. 
The remainder is 7x 9 ^Qx +5 — 3a: 9 — 5a: -f 1, 

or 7x*— 3# 9 — 8x— 5x +5 +l=4x 9 — 7x+6. 

But when like quantities are to be subtracted from each 
other, as in Ex. 2., the better way is to set one row under 
the other, and apply the following Rule; ts Conceive the 
" signs of the quantities to be subtracted to be changed, and 
" then proceed as in Addition/' 

Ex. 3. Ex. 4. Ex. 5. 

From 7a 9 — 2x+5 12a 9 — 3a-f J — 1 5y 9 — 4y-f3a 
Subtract 3x 9 +5x—l 6a* + a^2b + 3 6y 9 — 4y- a 



Remainder 4x 9 -7x+ 6 6a 9 -4a+3&-4 - y * * +4a 

Ex. 6. Ex. 7. Ex. 8. 

From 7xy + 2x—3y \4x+y—z— 5 13x s — 2x*+7 

Subtract 2#y— x+ y x+y+z— 11 — a?+ x 9 — 6 

Remainder 

>- — -— — - - ii 

MULTI- 
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V. 
MULTIPLICATION. 

19. In the multiplication of algebraic quantities, the four 
following Rules must be observed. 

i. When quantities having like signs are multiplied to- 
gether, the sign of the product will be + ; and if their signs 
are unlike y the sign of the product will be — ..*' 

ii. The coefficients of the factors must be multiplied 
together, to form the coefficient of the product. 

in. The 

* This rule for the multiplication of the Signs may be thus ex- 
plained : 

I. If + a is to be multiplied by +6, it means, that -f- a is to be added 
to itself as often as there are units in 6, and consequently the product 
will be +aft. 

II. If —a is to be multiplied by -\- 6, it means, that — a is to be 
added to itself as often as there are units in b, and therefore the product 
is —a b. 

III. If +a is to be multiplied by — 6, it means, that +a is to be 
subtracted as often as there are units in fc, and consequently the product 
is —a b. 

IV. If —a is to be multiplied by — b, it means, that —a is to be sub- 
tracted as often as there are units in b; and, since to subtract a negative 
quantity is the same as to add a positive one, the product will be -f-« b. 

Or, these Four Rules might be all comprehended in one; thus, 
To multiply a — b by c— rf, m to add <i— b to itself as often as there 
are units in c — d; now this is done by adding it c times, and subtracting 
it d times ; 

But a — b y added c times . • ~ac — be, 
and a — b, subtracted d times ~ — ad + bd, 

.'. a-iXe — d =a<? — be — ad-\-bd\ 

i.e. +oX+c=+ac 

+ aX-d=-arf 
-6X— d=+bd. 
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hi. The letters of which they are composed must be set 
down, one after another, according to their order in the 
Alphabet 

iv. If the same letter is found in both factors, the indices 
of it must be added together, to form the index of it in the 
product. 

Thus, +a multiplied by +b is equal to + a#, and 
—a multiplied by — b is also equal to -f-ai ; +3#x — 5y 
= —15xy; —3abx +4cd=s — 12abcd; — 4a*i a x —3ab<t 
= + 12 a 3 £ 3 d* \ &c. &c. 

From the division of algebraic quantities into simple and 
compound, there arise three cases of Multiplication. In 
performing the operation, the Rule is, " To multiply first the 
signs, then the coefficients, and afterwards the letters/' 

Case I. 

20. When both factors are simple quantities; for which 
the Rule has been already given. 



Ex.1. 

4ab 
3a 


Ex.2. 

<2axy 
-3y 


Ex.3. 

— 3abc 
5a*b 


Ex.4. 

— 5a*bc 
- 2iV 


\2a*b 


—6axy* 

Ex.6. 
9x*y* 


-15a 3 6 a c 


+ lOflWcx* 


Ex.5. 

4abc 
Sac 


Ex.7. 

— 4cdx 
— 2c 


Ex.8. 

— 7 ax*y 

— 2ac*x 









Case II. 

21. When one factor is compound and the other simple, 
"Then each term of the compound factor roust be multiplied 
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" by the simple factor as in the last Case, and the result will 
€C be the product required." 

Ex. I. Ex.2. 

Multiply 3ab— 2ac+d So? -2x*+4 

by 4a — \4ax 



Product 12a a i— 8a*c+4ad — 42ax 4 +28ax 3 — 56ax 



Ex.3. Ex.4. 

Multiply 7x* — 2x +4a 12a 3 — 2a* + 4a — l 

by — 3a 3x 

Product — 2laff*+6ax— 12a* 



Ex.5. Ex.6. 

Multiply 9 (?x + 3a— x + 1 4x*y + 3x—2y 

by — x 9 —3xy 

Product 



Case III. 

22. When both factors are compound quantities, each term 
of the multiplicand must be multiplied by each term of the 
multiplier ; and then placing like quantities under each other, 
the sum of all the terms will be the product required. 

Ex.1. 

Multiply a+ b 
by a + b 

1st, by a. . a*+ ab 
2d, by J., ab + b* 

Product a*+2afl + £ a 

Ex.4. 



Ex. 2. 

a + b 
a- b 


-V 


Ex.3. 

a'+ab+F 
a — b 


c?+ab 
— ab- 


a 3 +a*b + ab* 
-a'b-aV-b* 


a* * - 


-J* 


a* • * -b* 
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Ex.4. Ex.5. 

v 3x*+ QX 3x a — QX+5 

4a? + 7 6x — 7 



12x 3 + 8a? a 180C 3 — 12a? a -f30a? 

+ 21x a +14x — 21 ff a + 14a?— 35 

12x 3 + 29a? a +14a? 18 a? 3 — 33 a? 9 + 44 a?— 35 



Ex.6. 

14ac — 3ab + 2 
ac- ai + 1 

14aV— 3a a #<?+ 2ac 

— 14a*bc + 3a*b*-~Qab 

+ 14ac — 3ai— 2 

14aV— l7a a 6c+l6ac+3a a 6 a —5a£ + 2 

Ex. 7. 



• 1 3 

X — x + - 
±a?+2 




+ 2a? 9 — a?+ 


4 
3 


3 T 6 9 


4 



Ex. 8. Multiply a 3 + 3a 9 J + 3 a fl 9 +& 3 by a + b. 

Answer, a 4 + 4 a 3 £ + 6 a*b* + 4 a i 3 + b\ 

Ex. 9 4x*y + 3xy — 1 .... by 2 a?*— a?. 

AN8W. 8a? 4 y + 2afy — 2a?*— 3a? a y+a?. 

Ex. 10. a? 3 — x*+x— 5 ... .by 2a? a +a?+l. 

Answ. 2a? 5 — a? 4 +2ar* — 10a? 9 — 4a?— 5. 

Ex.11. 



16 MULTIPLICATION. 

Ex.11. Multiply 3 a" -f 2 a i— b % . . .by 3a*— 2ab+b\ 

Answ. 9a 4 ~4aT+4at 3 -i\ 

Ex.12 x*+x*y+xy*+y* by #— y. 

Answ. a? 4 — j/ 4 . 
3 



Ex. 13. . . . 



V.oj* — jx+l .... by x a — a?, 
f \Answ. a^ — -0^+ ~x*—aX. 



4 ' 8 



VI. 
DIVISION. 

23. In the Division of algebraic quantities, the same cir- 
cumstances are to be taken into consideration as in their 
multiplication, and consequently the four following Rules 
must be observed. 

1. That if the signs of the dividend and divisor be like, then 
the sign of the quotient will be -f ; if unlike, then the sign 
of the quotient will be — .* 

ii. That the coefficient of the dividend is to be divided by 
the coefficient of the divisor, to obtain the coefficient of the 
quotient. 

in. That a|l the letters common to both the dividend and 
the divisor must be rejected in the quotient. 

iv. That 



* The Rule for the signs follows immediately from that in Multi- 
plication ; thus, 



-f- ab -t* a b 

If -f-aX -f£=-f-a&, then ~r — = + &> and , : = +o 

— ab —ab 

T«X — 6= — ab, . . . *T~~ == —&> and — r— =+a 

•+- a — o 

. +ab +ab 

-oX — 6=+a6, . . . = — 6. and — r-= — a 

7 — a ' — 6 



i.e. lite signs 

produce +, 
> 

and unlike 

signs — . 
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IV. That if the same letter be found in both the dividend 
and divisor with different indices, then the index of that letter 
in the divisor must be subtracted from its index in the dividend, 
to obtain its index in the quotient. Thus, 

i j. .. y i +alc 

i. + auc divided by + ac ... or • - = +u. 

~J~ a c 

„ i 6abc 

ii. +6avc — 2a ... or — — = — sic. 

— lOxyz 

in. — lOxyz +5y. . . or — ' ■ = — Zxz. 

— 20aVV 

iv. — SOaVy 3 —4axy. or — -r — = + 5axy % . 

"~*^4k LUC tf 

Of Division, also, there are three Cases ; the same as in 
Multiplication. v 

Case I. 

24. When dividend and divisor are both simple terms. 

Ex. 1 . Ex. 2. 

Divide 18 ax 9 by 3 ax. Divide 15a*b* by —5a. 

Ex. 3. Ex. 4. 

Divide — 28 #y by — 4#t/. Divide 25 aV by — 5aV 

— 28afy 3 9 +25aV 

-4xy -+7*y« -5fl a c - 

Ex. 5. Ex. 6. 

Divide, — 1 4 c?b*c by 7 a c. Divide — 20 x 9 y V by — 4y*. 

— 14 aVfc — 20afyy 

+ 7ac ^ — 4ys "" 

Case II. 

' 25. When the dividend is a compound quantity, and the 
divisor a simple one ; then each term of the dividend must 
be divided separately, and the resulting quantities will be the 
quotient required. 

D Ex. 1. 
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Ex. 1 

Divide 42a 9 -f3a#+ 12a 9 by 3a. • 

42a 9 +3aJ-f-l2a 9 ST 

- Tz = 14a+i+4a.T 

Ex.2. 

Divide 90aV — 18aa?*+4a a a?— 2ax by 2aa?. 

90aV— lBax* + 4a 9 x— Qax , 

g^ =45a# — 9x+2a— 1. 

Ex. 3. 
Divide 4x*-*- Qx*+2x by 2a:. 

4S*— 2a?*-f 2Jg 

Ex.4. 
Divide — Z4:a*x*y—3axy-Y6x*y* by — 3xy. 

—24 aVy — 3 axy -f 6x 9 y 9 
-3#y "" 

Ex.5. 
Divide i4aP+7a"0 a --3la v &'+35a'6 by 7a*. 

Tab 

Cask III. 

26. When dividend and divisor are iof A compound quanti- 
ties. In this case, the Rule is, " to arrange both dividend and 
" divisor according to the powers of the same letter, beginning 
" with the highest ; then find how often the first term of the 
" divisor is contained in the first term of the dividend, and 
" place the result in the quotient ; multiply each term of the 
" divisor by this quantity, and place the product under the 
" corresponding (i. e. like) terms in the dividend, and then 
" subtract it from them ; to the remainder bring down as 
" many terms of the dividend, as will make its number of terms 

" equal 



DIVISION. 19 

" equal to that of the divisor ; and then proceed as before, till 
" all the terms of the dividend are brought down, as in common 
€t arithmetic." 

Ex. 1. 
Divide a 3 — 3a*ft+3aft«— ft 3 by a— ft. 

a-b) a , -3a^ + 3ai 9 -* s (a*-Qab+b* 
' o 3 - a'ft V 

* — 2a*ft+3aft a 
— Zu'b+Qab* 

* ^-ft 3 

aV-V 

In this Example, the dividend is arranged according to the 
powers of a, the first term of the divisor. Having done this, 
we proceed by the following steps ; 

i. a is contained in a 3 , a* times; put this in the quotient* 

ii. Multiply a— ft by a*, and it gives a*—a*b* 

in. Subtract a 3 — a'ft from a 3 — 3a 9 ft, and the remainder 
is — 2a*6. 

iv. Bring down the next term +3ab\ 

V. a is contained in — 2 a'ft, —Sab times; put this in the 
quotient. 

vi. Multiply and subtract as before, and the remainder 
is aft*. 

vn. Bring down the last term —ft 3 . 

• ■ 

vm. a is contained in a ft', +ft* times; put this in the 
quotient. 

ix. Multiply and subtract as before, and nothing remains ; 
the quotient therefore is a*— 2aft + 6*. 

Ex. 2. 
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Ex.2. 

a % +2ax+xAa*+5ah:+l0a 9 x 9 +l0a 9 ^+5a^+z b (a 9 +Sa 9 ^Sa^+x^ 
c? + 2a 4 x+ aV 

* 3a 4 a? + 9a V + 1 aV 
3a 4 x+6a z x*+ 3aV 

* 3a 3 x*+ 7aV + 5ax 4 
3a V+ 6aV+3aa; 4 

* aV+2aa?*-fa^ 

aV + 2aa; 4 +a^ 



Ex.3. 

4x % <»> 



4a;* - 7a?) 1 2ar>- 1 3x 4 - 34s 3 + 39a? 9 (3a; 3 + 2x*~ 5a;+-^£— 

I2ar>— 21a; 4 4a; -7x 



+ 8a; 4 — 34a; 3 
+ 8x 4 — 14a; 3 

* — 20a? + 39a;' 

— 20ar* + 35x a 

* + 4x fl 



Ex.4. 



3« + 6)6x 4 — 96 (2a?-f4x a + 8x+l6 
6x 4 — 12X 3 



* + 12X 3 — 96 

+ 12X 3 — 24x a 



* + 24x*— 96 
+ 24x 9 — 48a? 

* + 48x— 96 
+48x— 96 



<*) When there is a remainder, it must be made the numerator of a 
Fraction whose denominator is the divisor; this Fraction must then be 
placed in the quotient (with its proper sign), the same as in common 
Arithmetic. 
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Ex.5. 



x*+x— lW — # 4 +x s --# , -f-2x--l(x 4 --x 3 + x a --x-f-l 



X "T" X ™~™ Uu 

3 



— x 5 — x*+x 

* + X 4 — X a +2X 
+x 4 +jc 3 — x a 

* — x^^x-l 
—x 3 — x a + x 

* + x 9 +x-l 
+ x a +x— 1 



Ex.6. 
x a -|x)x 4 -£r + 1 8 io? 9 -|x(x a -ix+l 



X 4 


-ix 3 

e 


8 

5x a 

8 




• 








* + 

+ 


x a - 
x a - 


-£x 
-hx 




s 


* 


# 



Ex.7. Divide a 4 +4a 3 6 + 6aT+4a& 3 + * 4 by a+fl. 

Answer, a 8 -f 3 a*b + 3 a fl a + h\ 

Ex.8 a 5 — 5a 4 x-f-10a 3 x a — lOaV+Sax 4 — x 5 

by a 3 — 3a a x+3ax a +x 3 , 

Answ. a a — 2ax+#\ 

Ex.9 25x 6 — x 4 — 2X 3 — 8x* by 5x 3 — 4x\ 

Answ. 5x 3 +4x a -f 3x-f-2» 

Ex.10 a 4 +8a s x+24aV + 32ax 3 +l6x 4 bya-f2x*. 

ANsw.a 3 + 6a 9 x+l2ax*+8x\ 

Ex. IK 
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Ex. 1 1. Divide a*— a? by a— x. 

Answer, a'+a'x+a^+aa^+x*. 

Ex. 12 6x A +9x % — VOX by 3x % —3x. 

5x 

Answ. 2x ft +2a?+5« 



3x*— Sx* 

Ex.13. .... 9x 6 -46a?+95x 1k +l50x by a>*-4.r-5. 

Answ. 9x 4 — 10x 8 + 5x*— SOx. 

j 

Ex.14. . . . j^-^+x'+lx-a by|*-2. 



[. 14. • . . • X 

\ 



Answ. -jc 3 — -a? 9 -H. 

4 2 



VII. 

On fAe application of the foregoing Rules to Quantities with 

literal Coefficients. 

27- In applying the foregoing rules to quantities with 
literal coefficients, such as, mx, ny, qa? &c. (where t», 
«, q &c. may be considered as the coefficients of x, y, x a , &c.) 
a compound quantity may be expressed by placing the coeffi- 
cients of like quantities one after another (with their proper 
signs) in a parenthesis, and then annexing the common letter or 
letters. Thus, the sum ofmx and nx, which ismx+nx, may 
be expressed by (m+ri)x m > their difference f which is mx—nx, 
by (m— ri)x; multinomial m x* +nx*—px*+qx*, by (m+n — 
p + q)x*' 9 and the mixed multinomial pxy + qy % —rxy+my*~ 
nxy 9 by (p— r— n) xy + (q + m)y*; &c. &c. According to 
this method of notation, the operations are performed in the 
following Examples. 

Ex. 1. 

my* -f ny+ z 

qy*+ my—vz 
+ ry—qz 

(m—p + q)y*+(n + m)y + (l+n—v—q)z. 

n - - -- - -. 

Ex. 2. 



Add 
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Ex. 2. 

From px* + qx*—rx+s 
Subtract mx^—nx^ + tx—v 

Remainder (p—m)x 3 + (q + n)x*-(r+t)x+s+v. ™ 

Ex.3. 

Multiply px*+ qx — r 
by mx — n 



mpa? + mqx* —mrx 

— npx*~nqx+nr 



y 



Product mpx*-+(mq—np)x* — (mr+nq)x+nr. 

Ex. 4. 

Multiply ax 9 - bx +c 
by x* — cx-f-1 

ax 4 — ix 3 + ex 9 
—acx 3 + bcx*—c*x 

+ ax*—bx + c 

Product ax 4 — (i+ac)x 3 + (£+ bc+a)x* —(<?* + £)x+c. 

Ex.5. (Division.) 
** — car+ljaz 4 — (^+ac)z 3 -f-(c-f ^c+a)z*— (c tt -f#)ff+c[a#"— fa+c 



ax 4 —acx 3 -f-ax* 



* - flx*+ 
- ix» 


(c-f 6c)x a — (f+h)x 
+ #cx* — #x 




♦ 


-f cx a — c*x 
-f ex* — c*x 


+ c 
+ c 




* * 


* 



<*) As the sign prefixed to quantities in a parenthesis affects them 
all; when this sign is negative, the signs of all those quantities must he 
changed in putting them into the parenthesis. Thus, when +<* is sub- 
tracted 
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Ex.6. Multiply rax 4 — nx— r ... by nx— r. 

Answer, mwx 3 - (n*+mr)x*+r*. 

Ex. T. Multiply x 5 — px a -f qx—r . by x—a. 

Answ. x 4 — (a+p)x z + (q+up)x*— (r—aq)x+ar. 

Ex.8. Multiply px*—rx+ q . -; . by x a — rx— q. 

Answ. px 4 — (l +p)rx 3 + (9+r tt — pq)x*— q % . 

Ex. 9.^kpivide aa?—(a* + b)x* + b* • ty ax "" *• 

Answ. x a — ax— J. 

VIII. 

Some general Theorems y deduced by means of the foregoing- 

Rules. 
From the clear and distinct manner in which quantity and its 
several relations are represented throughout every part of an 
Algebraic operation, the exemplification of its most ordinary 
rules affords the means of investigating certain general Theorems 
relating to the sum, difference, product, &c. &c. of numbers, of 
which the following are examples. 

28. Let a and b be any two numbers of which a is the 

m 

■ greater and b the lesser, and let their sum be represented by s 

\ and their difference by d 9 

\ Then a + b=s 

1 and a — b=±d 



.•.by Addition 



ition, 2a =s-f rfl 

and a =--f--| 

2 2J 



f 



by 



tracted from — rx, the result is — r«r— W; and, as this means that the 
sum oirX and tx is to be subtracted, that negative ^sum is expressed by 
~(r #-{-<#):= — ( r -j-i)#. For the same reason, any multinomial quantity 
— mj^+ntf 2 — 7<r*4-r,r 2 , when put into a parenthesis with a negative 
sign prefixed, becomes — (m— n-ftf— r)a? 2 . 
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by Subtraction, 2 b =zs — 



tion, 2 b =s — ii 

and b =- — ~i 

2 23 



j From which we deduce this general Theorem, that " if the sum 
" and difference of any two numbers be given, the greater of 
" them may be found by adding half the given sum to half the 
" given difference; and the lesser, by subtracting half the given 
" difference from half the given sum." 

29. Let a, I, s, d have the same relation as before, then 

sz=za+l 
d=a —b 

Hence, by Multiplication, s x d=a a -J* (See Ex.2. Case III. p. 14.) 

a 9 -* 9 






and d= 



d 
a a -£ 9 



From which it appears, that " if the sum and difference of 
" any two numbers be multiplied together, the product of that 
" sum and difference gives the difference of the squares of the 
1 " two numbers;" andj that " if the difference of the squares 
€t of the two numbers be divided by their difference,\l gives their 
€S sum; and if by their sum, it gives their difference, 1 * 

t 
t 

i 

30. Let the number c be divided into any two parts a and b, 

Then c =a +b 

c=a+b 

: /. by Multiplication, c a =a a +2afl + £* (See Ex. 1. Case III. p.14.) 

* 

I From which we infer, that " if a number be divided into two 

s * 

j" parts, the square of the number is equal to the sum of the 

j" squares of the two parts, together with twice the product of 

'" those parts." 

E 31. Let 
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31. Let a and b be any two numbers; then, 

The difference of their Cubes = a 3 —P 

their difference ss a —b 



By actual division, a— ija s — P (a* + ab + b* (quotient) 

ct-ctb 

+a*b-b 3 
+ a*b—ab* 



+ ab*-b* 



Hence it appears, that " if the difference of the cubes of any 
€€ two numbers be divided by their difference, the quotient 
" arising will be equal to the sum of the squares of the two 
" numbers together with their product*" 



/ 
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CHAP. II. 

ON ALGEBRAIC FRACTIONS. 



. ! ■> I "I 1 I I I ! ■ » 



The Rules for the management of Algebraic Fractions are 
the sarnie with those in Common Arithmetic. 

IX. 

On the Reduction of Fractions. 

32. To reduce a mixed Quantity to an improper 

Fraction* 

Rulb* C€ Multiply the integral part by the denominator 
u of the fraction, and to the product annex the numerator with 
4€ its proper sign ; under this sum place the former denominator, 
Ci and the result is the improper fraction required." 

Example 1. 

$X 

Reduce 3fl+rr to an improper fraction. 

The integral part x the denominator of the fraction + the 
numerator=3 a x 5 a*+ 2#=e 15 a 3 + 2x ; 

Hence, ■ -•" - * — is the fraction required. 

Ex. 2. 
Reduce 5x~^* to an improper fraction. 

Hers 5$ x ^a fl ^=3Qa a a; ; to this add the numerator with its 

3Q#*a?— 4x 
proper sign, viz.— 4 a? j then- -gy^ is the fraction re- 
quired. 

Ex. 3. 
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Ex. 3. 

2jc — 3 
Reduce 5x— — - — to an improper fraction. 

Here 5x x 7 = 35 x. In adding the numerator 2#— 3 with 
its proper sign, it is to be recollected, that the sign— affixed to 

2x — 3 
the fraction — '-- — means that the whole of that fraction is to 

7 

be subtracted, and consequently that the signs of each term of 
the numerator must be changed when it is combined with 35 x; 

, • , . - . .,. 35ff— 2X+3 33X+3 
hence the improper fraction required is r- = - 



7 



Qc 
Ex. 4. Reduce 4ab-\ to an improper fraction. ± 

3a A \2a*b + 2c 
Answer. . 

3 3a 

Ex.5 3#*— to an improper fraction. 

5x A I5b*x~4a 

Answ. — 



5x 



a*— ax 



Ex. 6 a— x+- to an improper fraction. 

X 9 9 

Answ. . 

x 

Ex.7 3x* to an improper fraction. 

10 Answ. «>^"*«+9, 

10 



33. To reduce an improper Fraction to a mixed 

Quantity. 

Rule. " Observe which terms of the numerator are divisible 
" by the denominator without a remainder, the quotient will 
€€ give the integral part 3 to this annex (with their proper signs) 
" the remaining terms of the numerator with the denominator 
" under them, and the result will be the mixed quantity re- 
" quired. " 

Ex.1. 
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Example 1. 

Reduce — — — Z_ to a mixed quantity. 
a 

Here — i — = a-f J is the integral part, 

V . 
and — is the fractional part ; 

.\ a+ J + — is the mixed quantity required. 
a 

Ex. 2. 

t> j 15a*H-2#— 3<? . . j ... 

.. Reduce ~ to a jpixed quantity. 

Here = 3 a is the integral part, 

and -fll — ~ is the fractional part 5 
5a 

,\ 3aH i is the mixed quantity required* 

5a 

Ex. 3. Reduce -?_- — to a mixed quantity. 
*** 2 x 5 a 

Answer. 2x— — . 

* Sx 

Ex. 4 12a +4a-3c tQ R mixed quant i tv- 

4a 3f 

Answ. 3a+l-7' 

4a 

Ex.5 lOafy + SJ^-gy ta y mixe d quantity. 

* A 2i* 
Answ, ioy+3x r. 

» .■ <* • 

34. To reduce Fractions tod common Denominator. 

Rule. " Multiply each nugfteratpr into every denominator 
" hit its own for the new numieirators.'^and all the denominators 
" together for the common denominate?? 

Ex.1. 



* 
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Example 1. 
Reduce % «* and i« to a common denominator. 

3 b 5 

2xxl x5=10//a;l f Hence the frac- 

5xx3xb = 7bx I new numerators ; J tions required are 
4ax3xl=12ab ) } lObx 79* 19*b 

3 x bx 5= \bb common denominator; I Xbb'lbb* \bj\] 

Ex. 2. . 

Reduce - — -- , and — . to a common denominator. 
5 4 

_ w ^ /Hence the frac- 

Here(2x+'l) X4 = 8x-M? . I f • f .^ 11 : r ^i 

v y > new numerators;! tions required 

3xx5 = 15x 3 




are 



5 x 4 = 20 common denominator ;lsx + 4 , 15 x 

I , and • 

\ 20 ; 20 

Ex.3. 

Reduce , , and — , to a common denominator. 

a+x 3 2x 

Here5xx 3x2x:=30x a ) a 

l 3 OX 

(a—x) (a+x) X2x==2a a x — 2x 3 I.\thenewfractionsare— — — 

1 X (a+x) X3 = 3a + 3x g^-g^ 3g + 3x 

(a + x)x3 x2x = 6ax+6x•|6ax + 6x J, 6ax + fe a " 

Ex.4. 

3 X 4v3J 5X • 

Reduce — , , and — , to a common denominator. 

5 ' 3a a 

A 9a 9 x QOabx • i 75ax* 
Answ. r. . .. . j-. and ~. 

15a \b<i \ba % 

Ex, 5. 

2X4-3 bx+1 * 

Reduce t . t - , and . ^ ^.- - to a common denominator. 

x 3 

A ~ -flJc+9 j 5x a + x 

Answ. . . ■. and ♦ 

9ar ^ 3x 

Ex. 6. 
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Ex.6. 

4 x 2 4- 2 5? 3 x* 2 jc 

Reduce — — , — , and- — , to a commontlenonrinator. 

5 ' 4a 30 

A 48abx i -\- ( 24alx 45lx* * 40ax 
Answ. --L- _ and - — 5, 

60a£ 6oa0 6oab 

Ex. 7. 



.« 



7 x 1 4x x + 2 " 

Reduce , and 5 , to a common denominator. 

2x 2a 



A 14ax — 2a , 8a^ — 2x 9 + 4x 

Answ. — : — 5 , and ±_2_±. 

4a x 4a*x 

35. To reduce a Fraction to its lowest terms. 

Rule. " Observe what quantity will divide all the terms 
ts both of the numerator and denominator without a remainder^ 
" Divide them by this quantity, and the fraction is reduced to 
" its lowest terms." A more general Rule will be given at the 
end of this Chapter. 

Example 1. 

Reduce ' Q — to its lowest terms. 

35 x* 

The coefficient of every term of the numerator and denominator 

of this fraction is divisible by 7, and the letter x also enters into 

every term ; therefore 7 x will divide both numerator and deiio* 

minator without a remainder. 

XT 14x 3 + 7a#4-21x a a 

Now — — = 2#-f cr + 307, 

, 35x* B 

and = 5x: , 

7 x 

Hence, the fraction in its lowest terms is * 

5x 

Ex. 2. 

« , QOabc— 5a 2 + Wac A .. , • ^ 
Reduce _ to its lowest term. 

5ac 
Here the quantity which divides both numerator and deno- 
minator without a remainder is 5a; the fraction therefore in 

.* , , A . 4lc—a + 2c 

its lowest terms is . „ ^ 

ac Ex.3, 



N 



32 ALGEBRAIC FRACTIONS. 

Ex. 3. 

Reduce -5 — 75 to its lowest terms. 
a — b 

Here a— b will divide both numerator and denominator, 

for by Ex.2. Case III. page 14. a*—b*=(a+b)(a—b)i 

hence — r-r is the fraction in its lowest terms. 
a+v 

10x 3 
Ex. 4. Reduce , g a to its lowest terms. 

I5x 



2x 
Answer, — ■ 



3abx* 



Ex. 5 -= to its lowest terms. 

oax 

bx 
Answ. — • 



14#V— 21#V . . 
Ex. 6 '—-3 to its lowest terms. 

2y—3xy 
Answ. — =*-• 

_ „ 51tf 3 -17#* + 34# . . . 

Ex. 7 -^ Tifi^ to its lowest terms. 

Answ. -4 . 

a — b 
Ex.8. .... 3 __fl3 to its lowest terms. (See Art. 31.) 

Answ - a*+ab + b*\ 

X. 

On the ADDITION, SUBTRACTION, MULTIPLICA- 
TION, and DIVISION of FRACTIONS. 

36. To add Fractions together. 

Rule. " Reduce the fractions to a common denominator, 

" and then add their numerators together; bring the re- 

" suiting fraction to its lowest terms, and it will be the sum 

* c required." 

Ex. 1. 
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Example 1, 

Add if, if, and f , together. 
5 7 3 

3xx7x3=63*) 

2* X 5 X 3 = 30* ... tox-fSOx+M^lOTg fc ^ fraction 

xx 5x7=35*/ 105 105 

1 required. 

5x7X3=105j 

Ex. 2. Add 7 , , .and — , together. 

b 3b 4a 8 

ax36x4fl=l2a , 4 ) . lgo'A+Sa'i-f I56 3 _20a*4-f 156' 



• • 



Sax b X4a= Bd'b \ 12a 6* 12a6* 

5Ax& x3i=i3y r _ (dividing by 6) go«'+»y is the 

* x36x4a = 12a6tJ sum required. ^ 

Ex. 3. Add — ■ — , , and — , together. 

D SB* / 

(2*+3)x2*X7 ^Bx'-f 42x\ . 28*' + 4g*4-105*-354-40** 
(3*— l)x5 X7 = 105*— 35 I*" 70X 

4XX5 X2*=40* f > 68x^H47£-35 |§ ^ 

\ 70x 

5X2XX7 =70* J required. 

Ex. 4. Add ~ , -, and If, together. 

7 9 ll A 934* 

Answhb, -gp-. 

Ex. 5. . . . ~, — , and |-, together. 

86 5 7 « l05a'+28n*i + 30A* 

An8W '— 7^6 ' 

Ex. 6. ... i£±l, 1£±?, and * together. 

3 5 . ' 16QJC+77 

Answ. - 



103 



Ex.7. 
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Ex. 7* Add j— , and ^_ — ^ together. 

Answer, !Ll+,LL* 

2X~— 5 X-— 1 

Ex* 8» * * # , and , together, 

2X Aksw. 'l^£=». 

6x 

Ex. 9. ... > and , together. 

• JP— 3 X-J-3 o 

A ZX 

x —9 

Ex. 10. ... ^~ 9 » nd ^—i» together. 

Answ. 3a+2i 



a /.a * 



a a -4 s 



37* To Subtract Fractional Quantities, 

Rule. " Reduce the fractions to a common denominator; 
€C and then subtract the numerators from each other, and under 
u the difference write the common denominator." 

Example 1. 

3 x 14x 
Subtract — from . 

5 15 

3xX 15=45x1 70X—45X 25x X . A , j.~ 

I .\ = = - is the difference 

14xx 5 = 7Qx l 75 75 3 

5 x 15 = 75 J required. 

Ex.2. 

Subtract — from — . 

.3 7 

(2x+l)x7 = 14x+7l „ 15x+6-14x-7 T , JC~l igthe 
(5x+2)x3=15x + 6 i " 21 ^ 21 

3~xT=sl I ^ act ' on re q wre d« 

Ex. 3. 
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Ex. 3. 

From — subtract . 

8 7 

(lOx — 9)X7 = 70#— 63} •; 70x ~63 — g4j?H-40 _ 46j;— S3 

56 56 

is the fraction required. 



10x-9)x7 = 70#-63l . 7QJ 
(3ff— 5) X 8 = 24 a:— 40 V* 

8 X7 = 56 J lS 



Ex. 4, 

From —- subtract ^-r. 



(«+J)(a+J)=a a +2afl+JM # g*+Qal + F-a*+Qal-b* _ 
(a-l) (a-l)=a 9 -2al + l* [" a*-*' •" 

(a— i) (a+i)=a a — 4* J ^ . « is the fraction required. 

Ex. 5. Subtract — from — . . • , . Answer. — . 

5 10 ■ 9 10 

Ex.6. .. . . . 5£±i from ii£±i 

Answ, ■ gQ — -• 

Ex.7 *f±l from 1* . . Answ. ^ 9 -llx-5 ; 

tf+1 5 5X + 5 

r» o 201 — 3-. 4JT+2 a _ 4x a + 3 

Ex. 8 j from — — . Answ. — . 

3x 3 3x 

Ex. 9 , from ?. . . Answ. -3 — r .. 

a+v a—u a —b 

p ia 3x— 7 r 4x '*" * „ llo:+49 
Ex. 10. .... . 1 from — . . . Answ. j— -. 

8 7 56 

38. To Multiply Fractional Quantities. 

Rule. . " Multiply their numerators together for a new 
" numerator, and their denominators together for a new deno- 
" minator, and reduce the.r^sulting:fract ion to its lowest terms.'* 

Ex. 1. 
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Ex. 1. 

2x i 4a 



Multiply 2f by Z?. 

8xX4xs8x'l it _ , . . . , . fix' 

7x9 =63 J ''* U0Q re< l u,red » H 

Ex. 2. 



Multiply l£±i by 5f . 



(4*+ 1) X 6x«24«'+6xJ it~~ = (dmd,ng the nu - 

and denominator by 3) 

— is the fraction required. 



Here f 24 x* +6; 

x+l)x6xs=24x*+6xj ' 21 
and j merator anc 

3X7 =21 [ 8at+*x is 



Ex. 3. 

. Multiply ^ by J' 

By Ex.2. Cask III. page 14. (a % -b*)x3a*=(a+b) 
(a-i)x3a f ; hence the product is *«'*(«+*)(«-■*),, 

(dividing the numerator and denominator by a+ i) » x l g "~*J 
3a s — 3a 9 6 

" — 56 — 

Ex. 4. 
Multiply £fiZi5 by 7a 



14 2JC i --3a? 

f 21ax*— 35flx ,,. .,. 
. Here U 28j ,. 42x ■(dmduy 

(3x*— 5ff) x 7a=21aa?*— 35aa?Jthe numerator and denomi- 

and \ . ■ - \ 3ax— 5a. _. 

J nator by 7*) 3 is the 

(2a^— 3o?)xl4 = 28a^ — 42x / 4ff-6 

I fraction required. 

Ex. 5. Multiply — ^~ by -5» % % Answer. ■ - - . ■ . 

Ex. 6. 
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Ex.6. Multiply 3 i£zg by , 10 . Answer, 55=1 

5 J 2x — 4x ' a:— 2* 

Ex.7 IfL by fZ*L Answ. g '+«* 

«— A ' 8 4 # 

Ex.8 _*£- by »£=•?. Answ.H. 

5x— 10 ^ 2x a 

39. On the Division of Fractions. 
Rots. " Invert the divisor, and proceed as in Multiplication." 

Ex. 1. 

Divided by 2?. 
9 J 3 

Invert the divisor, and it becomes — : hence v — 

_42.x>_7* . ** 9 *2* 

""fix T^ (dividing the numerator and denominator by 6x) 

is the fraction required, 

Ex.2. 
Divide l JZT? by l0x ~\ 

5 ' 25 
14s— 3 23 (14a;- 3) x 3 70* — 15 
5 X 10x— 4"" lQx— 4 """ 10x— 4 - 

Ex.3. 

Divide i^zAyi^* 

2a ' 64 

5a*-54* 5(a + 4) (g-*V v 5 ( g + *) fg- *) 6^ 

2a "" 2a V * 2a *4x(a+4) 

4a+44 __ 4(a + 4) |_ 304(a-4) _ 15a4-154' . 

~~6? 64 ; I 8a 4a w 

^ the fraction required. 

Ex. 4. Divide - by^. • . Answer, |5. 

7^5 63 

Ex.5. 



lif- • 
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Ex.5. Divide-— - — by - : • Answbiu -t— • 



r f 



£x, ft 



Ex. 7. 



3 ' 5x 




^ 3 


<**— 9' X + 3 
5 b > 4 • 


. An aw. 


4x^rl2 . . 
5 


9r 9 — St x* 

bv-r • 

5 • 5 


. Answ. 


g.v—3 

X 



*- 
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On the Method of finding the Greatest Common Measure* 
itnd the Least Common Multiple of two or more 
Quantities. 

40. Ope quantity is said to measure another, when it is 
contained in that other a certain number of times, without a 
remainder. 

41. A quantity is said to be a multiple of another, when it 
contains that other quantity a certain number of times, without 
a remainder. 

42^ The common.measure of two or more quantities is that 
quantity which measures them all ; and the greatest common 
measure is the greatest quantity which will so measure thenu 
Thus, 2 a is a common measure of the quantities 24 at*, l6a*bc, 
and 12 aic 9 , and their greatest -common measure is Aab. 

43. A common -multiple of two or mora quantities is that 
quantity in which each of them is contained without a remainder ; 
and the least -common multiple is the least quantity in which 
they are so contained. Tbus ? 4Qa 3 b*c is a common multiple 
e¥ 5 a, 4 a c, and si, and their least common multiple is 20 a b c\ 

A A. If one quantity measures another, it will also measure any 
multiple of that quantity. Thus, let b measure a by the units 
in m 9 then a=wi;.and let na .be a multiple (denoted by the 
units in n) of a, then na=nmb ; consequently b measures na 
by the units in nm+ 

45. If 



p l 

£)c(r 
rd 
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45. Ifofte quantity measures two others, it wM also ffieagfeft 
their sum and difference. For let c measure a by the units in m t 
and I by the units in n, then a^mv, and fl=7icj therefore 
aJti(<»>=mc±»c,=s(m±7z)c; consequently c measures a -}-£ 
{their j»m) by the units in m+n, and a— i (their difference) 
by the units in m— *r. 

46. Let a and & be any two numbers, whereof a is the greatest;, 
•and let the following-operation be performed upon them; viz. 

Where a divided by b gives the quotient p, 
and remainder c ; b divided by c f the quotient q, 
and remainder d; a divided by d, the quotient r, 
and remainder 0. Then, since in each case 
the dividend is equal to the divisor multiplied by 
the quotient plus the remainder^ we have, 

, 
tf=zqc+d=* (for qc=qrd)qrd+dz=(qr+l)d 

a=pi + c= (^d P lZ^ qr+P) r d d)(Pl r +P+ r ^ «««*' 

since />, 9, r are whole numbers, d is contained in & as many 
times as there are units in qr+ 1, and in a as many times as 
there are. units in pqr+p+r; consequently the last divisor 
d is a common measureof a and b; and this is evidently the case, 
whatever be the length of the operation, provided that it be 
carried on till the remainder is nothing. 

This last divisor d is also the greatest common measure of 
a and b. For let x be a common measure of a and,&, such that 
fl=mx, and bs=nx 9 then 
c=a—pb=mx—pnx=z(m—pri)x 

d=zb—qc=nx — (qm—pqn)x=z(n—qm+pqn)x;.\ x mea- 
sures 



( a ) The quantity ai 6 means a + or — 6. 
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tures d by the units in n —qm+pqn, and m it also measure* 
a and J, the numbers a, b, and d have a common measure. Now 
the greatest common measure of d is itself; consequently d ia 
the greatest common measure of a and i* Hence this Rule 
for finding the greatest common measure of two numbers? 
" Divide the greater by the lesser, and the preceding divisor by 
" the last remainder, till nothing remains $ the last divisor is 
" the greatest common measure/* 

To find the greatest common measure of three numbers,. 
a y byC ; let d be the greatest common measure of a and b> and 
x the greatest common measure of d and c ; then x is the 
greatest common measure of a, b 9 and c. For, as a, b, and d 9 
have a common measure ; if d and c have also a common mea- 
sure, that same number will measure a, b, and c; and if x be 
the greatest common measure of d and c, it will also be the 
greatest common measure of a 9 b, and c. 

In general, let there be any set of numbers, a 9 b, c, d> e 9 Sec ; 
and let x be the greatest common measure of a and b ; y the 
greatest common measure of x and c ; z the greatest common 
measure of y andrf; &c.&c; then will y be the greatest 
common measure of a, A, c ; * the greatest common measure of 
a 3 b 9 c 9 d\ &c.&c, 

47. To find the greatest common measure of Algebraic 
quantities, the Rule, with respect to simple quantities, is, " to 
" find the greatest common measure of their coefficients, and 
" then annex to it the letters common to all the quantities ;" 
thus the greatest common measure of 24ax*y*, \6bxy, and 
6axy*; is2xy. 

The operation for finding the greatest common measure of 
compound algebraic quantities is the same as that for 
finding the greatest common measure of two numbers, except that 
" the remainders which arise in the operation are to be divided 
" by their simple divisors." In commencing the operation, the 

terms 
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terms of which they are composed must be arranged according 
to the dimensions of the same letter, as in the following ex- 
amples. 

Ex. 1. 

Find the greatest common measure of 6a 9 + 1 lax+3x 9 and 
6a 9 + Tax— 3# a . 

6a* + Tax— 3x 9 \ 6a 9 + 1 1 ax + 3x 9 ( l 

6a 9 + 7ax—3x* 



+ 4ax + 6x* 



( a ) Dividing 4ax -f 6x* by the simple divisor Qx } we proceed thus ; 

2a + 3x) 6a 9 + Tax — 3x* ( 3a — x 
6a 9 + Qax 



— 2ax— 3x 9 
—1ax—3x? 



* 



Hence 2a -f 3 x is the greatest common measure; and the 

fraction — ^ a , reduced to its lowest terms, is 

6a* + l\ax+3x* 

— ; as will appear by dividing both its numerator and 

3 fl-j" JJ 

denominator by 2 a + 3 x. 

Ex. 



(*) The reason for rejecting these simple divisors in the course of the 
operation, is this ; It appears by Art. 45, that whatever quantity measures 
6fl a + 11 aa: + 3x a and 6a a -f , 7a*'— 3jc* will also measure^ their difference 
4«* + 6j^. Whenever, therefore, a remainder occurs which will not 
measure both the dividend and divisor, as is evidently the case in the present 
instance with 4 a x-±-6x Q (for 4a x cannot possibly divide 6d*) t it must be 
reduced to a more simple form by dividing its terms by the quantity which 
is common to them all. If, after such reduction, it will not measure both 
the dividend and divisor, it shew* that the quantities proposed have no 
common measure. 

G 



. pi- . * 



» ■ — — . 
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E*.2. 

Find the greatest common measure of 3x» — 24 a; — 9, and 

2s 3 — I6x— 6. 

2a?— 16 x— 6) 3a: 3 — 24a?— 9(1 

2a: 3 — l6x — 6 

af 1 — 8x— 3)2^— l6x— 6(2 

2a? — I6x— 6 



The greatest common measure, therefore, is x*— 8 J?— 3, and 

the fraction — =-H — - in its lowest terms is -. 

3X 3 — 24x — 9 3 

If it were required to find the greatest common measure of 
more than two compound algebraic quantities, the rule of course 
would be the same as that for finding the greatest common 
measure of the numbers a 9 b, c, d, e, &c. in Art. 46. 

48. "For the purpose of finding the least common multiple 
of two or more numbers;" let a and I be any two numbers 
whose greatest common measure is x, and let a =:mx, b—nx; 
then m wans a multiple of a by the units in n, and of I by the 
units in m ; consequently it is a common multiple of a and b. 
But since a? is the greatest common measure of a and b, m and 
n can have no common divisor; mnx is, therefore, the 
least common multiple of a and b. Now mx=za, nx=:b; 

.*.mnx*—ab, and mnx=z — ; hence s€ the least common 

x 

" multiple of two numbers is equal to their product divided by 
€t their greatest common measure" 

To find the least common multiple of 3 numbers a, b,c; let 
x be the greatest common measure of a and b, and find the 

greatest common measure of — (the least common multiple of 

x 

a and b) and c, which call y : then by the Rule — x - or is 

x y xy 

the 



LEAST COMMON MULTIPLE. 43 

the least common multiple of — and c, and consequently of 
a, b 9 c. 

Or in general, let a, b, c, d, e &c. be any set of numbers ; 
and let x be the greatest common measure of a and b. 

y of — and c> 

x 

z of — and d, 

&c. &c. 

then will — be the least common multiple of a and I. 
x 



ale 

xy 

abed 



• of a, b 9 and c. 

of a,b, c,d, 

&c. &c. 
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CHAP. III. 

ON THE 

INVOLUTION AND EVOLUTION OF NUMBERS 
AND OF ALGEBRAIC QUANTITIES. 



XII. 

On the Involution of Numbers and Simple Algebraic 

Quantities. 

49. Involution, or " the raising of a quantity to a given 
power/' is performed by the continued multiplication of that 
quantity into itself, till the number of factors amounts to the 
number of units in the index erf that given power. Thus, the 
square of a=a 9 =AXfl; the cube of J = & 3 =£x£xi; the . 
fourth power of 2 = 2 x 2 x 2 x 2= 16; the fifth power of 
3 = 3X3X3 X3a3 = 243 ; &c. &c. This rule as applied to 
numbers will be readily understood by the mere inspection of 
the following Table. 







ROOTS 


AND 


POWERS < 


OF NUMBERS. 






Roots 


1 
1 
1 
1 
1 


2 

4 
8 
16 
32 


3 

9 

27 

81 

243 


4 


5 


6 


7 


8 


9 


10 


Square 


16 

64 

256 

1024 


25 
125 


36 

216 

L 


49 


64 


81 


100 


Cube 


343 


512 


729 


1000 


4f r ' 1 power 


625 J1296 


2401 


4096 


6561 


10000 


5 th power 


3125 


j7776 


16807 


32768 


59049 


100000 



50. The operation is performed in the same manner for 
simple algebraic quantities, except that in this case it must be 
observed, that the powers of negative quantities are alternately 

+ and 
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-f and — ; the even powers being positive, and the odd powers 
negative. Thus the square of -f 2 a is + 2ax+2aor-f4a*; 
the square of —2a is —2a x —2a or -f4a*$ butthecwieof 
— 2a= — 2a x — 2ax— 2a=+4ax — 2a= — 8a". 

The several powers of - are, ^ And the several powers of , 

2tC 



a a a 

S 9 uare= x x-=-, 

~ , a a a a* 

a a a a a A 
Atkpower^xjx-x-^- 

&c. =&c. 



c b b V 

Y 2c 2c ^4c 9 ' 

„ . b b b b 3 

2c 2c 2c 8c 3 ' 

A , b b b b b* 

4th power =i — — x X X = -J 

^ 2c 2c 2c 2c WOc 4 ' 



Upon this principle, the powers of the several roots in the 
following Table are calculated. 



ROOTS AND POWERS OF SIMPLE ALGEBRAIC QUANTITIES. 



Roots 


a 

a* 
a 3 

a* 


-£ 9 
-£ 3 


2b" 
4 b* 
8i« 


a 
~2b 

g a 
4 b* 

a 3 
8 b 3 

o« 
lt)b* 

g* 
32 b s 


3x* 

y 


2a 
"57J 


a 4 J* 

a 6 Z 3 

a*b* 

ct°bs 


a* 

a 6 
4» 


3a: 

"" 5 


X 


Square 


+ a 

y 


4a a 
9^ a 


Q2 a 


X 9 

l6y* 


Cube 


27x 6 ' 

y* 


8g 3 
27 /; 3 


27* 3 
125 


x 3 
64tf 


4* 


+ 1* 


16b* 
32b 10 


8U 8 


]6a« 
8l£« 


a 8 
. a 10 


812* 

i 


a* 


Power 


^025 


250y* 


5 th 


243 x l * 


32a 5 


243t 5 


X s 


Power 


243 4* 


~> 9 j 


3125 


1024y 5 



XIII. 

On the Involution of Compound -Algebraic Quantities. 

51. The powers of compound algebraic quantities are raised 

fcy 
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by the mere application of the Rule for Compound Multipli- 
cation (Art. 22.) Thus, 

Ex. 1. What is the square Ex. 2. What is the cube of 

ofa+2#? a*—x} 

a + 2b a* — x 

a + 24 a 9 — x 



«*+2a4 a 4 —a 9 x 

+ 2ab+4b % — a*x+x* 

Square=a a +4a4+44* Square=a 4 — 2a a x+a?* 

a — x 



a € -2a 4 x+aV 
— a 4 a?+2flV— x* 

Cube =a 6 — 3g 4 i?+3aV— as 3 

Ex. 3. 

What is the 5 th power of a + 1 ? 

a +4 
a + 4 

a*+ ai 

+ a& +y 

a*+2a4 + 4* = Square 
a + b 

a 3 + 2a a 4 + a A 8 
+ a*b+ 2a4 , + 4 3 

a 3 + 3a*4+ 3a4 a +4 3 =s Cube 
g + 4 

g 4 +3a 3 4+ 3^*4°+ a* 3 
+ a 3 4+ 3aV+ 3a4 3 +4 4 



a 4 +4a 3 4 + 6a* 4'+ 4a4 3 + 4 4 = 4 th Power 
g + 4 

a 5 +4a 4 4+ 6a 3 4 a + 4a a 4 3 + a4 4 
+ a*b+ 4a 3 4 a + 6a a 4 3 +4a4 4 + 4 5 



fl 5 -f5fl 4 4+lOfl 3 y+ioa a Zr 3 4.5fliL 4 4-4 & =r5 th Power. 

Ex.4, 



\ 
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Ex.4. The 4 lh power of a+3b is a 4 +l2a , 4 + 54a 9 J t 
+ 108ab 3 + Q\b\ 

Ex. 5. The square of 3x*+2x+5 is 9x 4 + 12x , + 34x 
-J-20.r-f 25. 

Ex. 6. The cube of 3x— 5 is Q7x*—l35x*+ 225#— 125. 

Ex.7. The cube of a?*— 2#-f 1 is x 6 — 6# 5 + 15x 4 — 20x* 
+ 15x*— 6x+l. 

52. In the involution of a binomial quantity of the form a + b, 
the several terms in each successive power are found to bear 
a certain relation to each other, and observe a certain law, 
which the following Table is intended to explain. 





TABLE OF THE POWERS OF d + b. 




Powers. 


Mode of 
expressing them. 


Powers expanded. 

* 


Square 


(a+4)» 


a*+2ah+b\ 


Cube 


(a + 1) 3 


a*+3a*b+3ab*+b\ 


4 th Power 


(a+4)« 


a 4 +4a*b+6a*b*+4ab*+b*. 




5 th Power 


(a + 4) s 


a 5 + 5a*b + 10a 3 Z>*+ 10a*b s + 5ah 4 + b 5 . 





6* Power 




a*+6a s b + 1 5a 4 £*+ 20a?l>* + I5aW + 6ab*+b*. 



The successive powers of a— J are precisely the same as 

those of a + b, except that the signs of the terms will be 

alternately + and — . Thus, the 4 th power of a—b is 

a 4 — 4a 3 £ + 6aV — 4 at 3 4 i 4 ; and so of the rest. 

In 
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In reviewing that column of the foregoing Table, which con- 
tains the powers ofa+b expanded, we may observe, 

I. That in each case, theirs* term is a raised to the given 
power j and the last term is b raised to the same power ; thus, 
in the square, the^r.tftermis (C, and the last b* ; in the cube, 
the first term is a 3 , and the last i 3 ; and so of the rest. 

ir. That, with respect to the intermediate terms, the powers 
of a decrease , and the powers of b increase, by unity in each 
successive term. Thus, in the fifth power, we have 

In the second term .... a 4 b; 

third a 3 £*; 

fourth * a a J 3 ; 

fifth ab* ; 

and so in the other powers. 

in. That in each case, the coefficient of the second term is 
the same with the index of the given power. Thus, in the 
square it is 2 ; in the cube it is 3 \ in the fourth power it is 4 ; 
and so of the rest. 

iv. That if the coefficient of a in any term be multiplied by 

its index, and the product divided by the number of terms to 

that place, the quotient will give the coefficient of the next 

term. Thus, 

- , y ' » coeff. of a in the 2 d term x its index 

In the fourth power, - : -. 

^ r number of terms to that place 

=l^i=:— = 6 = coefficient of third term. 

2 2 

. . . coeff. of a in the 4 th term X its index 

In the sixth power, r r- r~7 — i 

r number of terms to that place 

r= 20x3 == ^=i5=coefficient of fifth term. 
4 4 

We are thus furnished with a general Rule for raising the 
binomial a + b to any power, without the process of actual 
multiplication. For instance, let it be required to raise a + b 
to the eighth power; then, according to the Rule just laid down, 
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The first term is 4 a * 

The second . . * 8a ^ 

The /AW SiiLdV-gQ^ 



Thefourtk S?*^^^. 

3 

56X5 

and so on. 



The^fA 56X5 ^^ 



And thus We have 

(a+A) 8 « a 8 + 8a 7 6+ 28a 6 6* + 56a*b 3 + 70a 4 6 4 -f 56^^+ 
28a*b*+8ab 7 + b*. 

In the same manner it will be found/ * 

Ex.2. That (a-i) 7 =a 7 -7a 6 A+2ia 5 4«-35^4 3 + 35a*4 4 

-2la 9 6 5 +7a6 6 -6 7 . 

Ex. 3. That (^-y) 9 =a*-9#V+ 36 #V- 84 ^y + 126ary 

-i26#y+84xy-36#y+9xy 8 --y 9 . 

Ex, 4. That (x-fa) 10 = x 10 + I0a?a -f 45xV + 120a 7 a 3 -f 
210xV + 252x 5 a 5 +210x 4 a 6 -f 120x 5 a 7 +45xV+ 10xa*-f a'\ 

In reviewing these several Examples, it may be observed, that, 
when the number of terms in the resulting quantity is even, the 
coefficients of the two middle terms is the same ; and that in 
all cases the coefficients increase as far as the middle term, and 
then decrease precisely in the same manner until we come to 
the last term. By attending to this law of the coefficients, it 
will only be necessary to calculate them as far as the middle 
term, and then set down the rest in an inverted order. Thus, 

in Ex.2. {x—y\J 9 

Thejirst five coefficients are 1, 9, 36, 84, 126. 

The last five 126, 84, 36, 9> U 

h 53. But 
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53. But we are not yet arrived at the most general form in 
which this Rule may be exhibited. Suppose it was required to 
raise the binomial a + b to any power denoted by the number 
(h). Proceeding with n as we have done with the several in- 
dices in the preceding examples, it appears that, 

The first term would be a\ 

The second . . . . na*~~ l b. 

The third V&ZL^dr* b\ 



The fourth . . . . ^-Qfr»-g) rT*b\ 

The fifth . . . . ^" l) ^/ )(n ^ 3) -^ 4 ^ 



The last ....•*". 

Or, (a + i> S :(r.f W a^ + w(w " 1 W + ^- 1 )( w - 2 ) 

2 2.3. 

a _,fl, + n(n- 1) (wjzjKnrg) «~W + & c . . . +fc 

2.3.4 

By the same process, (a- £)":=a» —nc?~ x b + n ( n — x ) a —«£» 
_w(»-l)(w-g) g .-»y + fo, . the signs of the terms being 

alternately + and — . 

This general and compendious method of raising a binomial 
quantity to any given power, is called, from the name of its 
celebrated inventor, Shr I. Newton's "Binomial Theorem 00 ." 
Its use will appear from the following Examples. 

Example 1. 

Raise x*+3y* to the fifth power. 
In comparing (x a +3y*) 5 with (a + b)\ we have, a=sx\ 
i=3y", »=5. 

Substi- 



( a ) The demonstration of this Theorem, with its application to the 
finding the powers and roots of compound quantities in general, forms 
the subject of Chap. IX. 
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Substituting these quantities for a, I, n in the foregoing 
general formula, it appears, that 

*%£*} ..<->....:..., is ( ^. .=,... 

2d (»*->£) is5x(* 9 )« x 3y % ~15*y. 

3d ( *(*-- ^ a*-^.) # . . . i*5x2X(x*)>x(3y*Y=:90z*i,<. 

4/A C^a s l ~ 2) ****) is5x l X | X (^)' x (V) 3 =270*V- 

i-iA /n(«— 1) (n — 2) (»— 3) . \ . - 4 S 2 . /0 ftU ..,.. ft 

5/A, ^ '^ /v -' ar-tfa) is5xgXrXjX^x(3y 8 )*3=405^ 8 . 

Z«$f . . . (l u ) is (3y*)*=24;3y 10 . 

So that (* , +sy) 5 « ,0 + 15xy+90x*y*+270x*y*+405xy +243^°. 

In the application of this formula, it may be observed, that 
the number of terms of which the binomial consists, is always 
one more than the index of the given power; after having 
calculated therefore as many terms as there are units in the 
index of the given power, we may immediately proceed to the 
last term* 

Ex.2. 
Raise 3*+ 2y to the 6 th power. 
Here3x=a^ md ^ 3x+Qy y =:7 Q 9x+ Q 9 iea?y+4S60x 4 y % 
Sy ~* f +4320J?y*+Q\60xy +$7 6 xy B +64,tf. 

f!S=Oj 

Ex.3. 
Ruse x— 2y* to the 7 th power. 
Here xz=d} and comparing (x—Qy*) 7 with (a- J)v we have 

+ 84afy 4 — 280ar*t/* + 560a?y* - 
'+448#y — 128 jf 14 for the quantity re- 
quired. 

54. By means of this Theorem, we are enabled to raise a 
trinomial or quadrinomtal quantity to any power, without the 
process of actual multiplication. Thus, suppose it was required 

to 



e x=flf| and comparii 

S/ssJW— Maty* 
»=7j 672a?y°+4 
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to square a+b + c; inclosing it in a parenthesis (a + b), and con- 
sidering it as one quantity, we should have (a + b+cfss 

(a+6) + c| a = (a + 6) a +2(a + 6)c+c fl = a a +2a6 + 6 a +^a^+ 
Qbc+c?. 

In the same maimer we have, 

Ex.1. (a + A + c+^^Ca+^+Cc+^^^+^'+sCa+i) 
(c+d) + (c+d)'= a* + Qab + b* + 2ac+2ad+2ftc+2ftd+c a 
+ 2cd+d*=a*+b*+c*+d*+Q(ab+ac+ad+bc+bd+cd). 



Ex.2, (a+6-f c) 3 = (a+b)+c\* = (a+b) 3 +3(a+byc + 
3(a+6)c a +c^=aH3a fl 6+3a6 a H-6H3a fl c+6a6(:+36V+3ac t 
+ 3 6^-+c*=s a 3 -f 6 3 4-c 3 +3(a a 6+a6 a +a a c+a<?+6 a c + 6c a ) 
+ 6a6c = a 3 - T: 6 3 + c 3 +3(aH-44-c)(a6 + ac+6c)— 3aic. 



Ex.3. (a;+y + 3«) a =(x+y) + 3^ a =(x-fy) a +2(a?-|-^>x 

On *Ae Evolution of Algebraic Quantities: 

55. Evolution, " or the Rule for extracting the root of any 
quantity/' is just the reverse of Involution ; and to perform the 
operation, we must inquire what quantity multiplied into itself, 
till the number of factors amount to the number of units in the 
index of the given root, will generate the quantity whose root 
ia to be extracted. 

56. This rule, as applied to small numbers and simple algebraic 
quantities, may be easily explained by reference to the Tables in 
pages 44,45. Thus, 

49=7 x 7; .*• the square root of 49, or v /49=7. 

— £ s = — #x — bx — b; .\ the cube root of — #>== (V— 4 3 ) = — b. 
16a 4 2a 2a 2a_2a . . ' ,16a 4 / */ 16 * 4 \ 

^I^ = 3l X 3l X 3"^ 5 " the4/A ° r ^^ ra/er00t 0f ^<\/ 81^; 

32=2x2x2x2x2; .*. the fifth root of 32 (v^32)=^. 
&c. &c. 
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f>7- If the quantity under the radical sign does not admit of 
resolution into the number of factors indicated by that sign, or, 
in other words, if it be not a complete power , then its exact 
Toot cannot be extracted, and the quantity itself, with the 
radical Sign annexed, is called a Surd. Thus x/37, ^/a% 
\/V*9 \fW> &c. &c. are Surd quantities. The application of 
the fundamental rules of arithmetic to quantities of this kind 
will form the subject of Chap. VIII. 

58. In the involution of negative quantities, it was observed 
that the even powers were all -f ,and the odd powers — ; there 
is consequently no quantity which, multiplied into itself in such 
manner that the number of factors shall be even, can generate 
a negative quantity. Hence quantities of the form *y — a 9 , 

4^—10, v— a 3 , \/— 5, v— a 4 , &c. &c. have no real root, 
and are therefore called impossible* 

59. In extracting the roots of compound quantities, we must 
observe in what manner the terms of the root may be derived 
from those of the power. For instance, (by Art. 52,) the square 
of a + b is a* -f 2 a b ■+■ b\ where the terms are arranged according 
to the powers of a . On com paring a + b wi th a* -f 2 a b + i a , we 
observe that the first term of the power (a fl ) is the square of the 
first term of the root (a). Put a a * + 2ab+ b*(a + b 
therefore for the first term of the a * >> 



2ab + b* 
<2ab + b % 



root, square it, and subtract that j 

square from the first term of the 

power. Bring down the other two 

terms 2db + b* 9 and double the first * * 

term of the root; set down 2a, and 

having divided the first term of the remainder (2 at) by h, it 

gives b, the other term of the root ; and since 2 a b + i* = (2a + b)b 9 

if to 2 a the term b is added, and this sum multiplied by A, 

the result is 2a#-f# a ; which being subtracted from the two 

terms brought down, nothing remains. 

60. Again, 
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60. Again, the square of a+b + c (Art. 54.) is a'+Qab + b* 
+ 2ac+2#c+c a ; in this case the root may be derived from the 
power, by con- 
tinuing the pro- a*+ 2ab + b* + 2ac+Qbc±c\a + b+c 
cess in the last a 
Article. Thus, 2a + 4|2a£ + fl 9 
having found the \2ab + b 



2ac+2#c+c* 
2flc4-2ic+c t 

* * # 



two first terms Qa + 2b + c 

(a + b) of the root 

as before, we bring 

down the remain- 

ing three terms 2ac-f Qbc+c* of the power, and dividing 2«<r 

by 2 a, it gives c, thethird term of the root. Next, let the lastterm 

(b) of the preceding divisor be doubled, and add cto the divisor 

thus increased, and it becomes 2a + 2b + c; multiply this new 

divisor by c, and it gives 2a c+2ic+c", which being subtracted 

from the three terms last brought down, leaves no remainder.. 

In this manner the following Examples are solved. 

Ex. J. 4tf 4 +6x ? +^*+15x+25(2a? , +-a?+5* 
4x 4 



— X 



2 x 4 

6x>-f -x* 
4 

4x* + 3x+5 ) 20x , + 15x+25 

20x a +15x-f-25 



Ex.2. x*+4x 5 +2x 4 +9ff 11 — 4x+4(x 3 + 2x*— x+2 



x tt 



2x ? +2x*)4x 5 +2x 4 
4x*+4x 4 



2x 3 +4x a — x) — 2x 4 +9x f — 4x 

— 2x 4 — 4x* + « a 

2x 3 +4x*--2x-f2) + 4x 3 +8x a — 4x+4 

+ 4X 3 + 8X*— 4X+4 . 
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61 • The process for extracting the Cube Root of a compound 
quantity may be explained in the following manner. By 

Art. 52. the cube 

of a+b is a»+ a>+3a>b+3ab>+b>(a+b 

a 3 

3a*b + 3ab % + b l 



3a*b + 3ab*+b* 



Za*b + 3ab % +V> % 

the terms being ^+3ab + b 

arranged accord- 
ing to the powers * * * 
of a. The first 

term of the root is a, which being cubed, and this cube subtracted 
from the first term in the power (a 8 ), bring down the remaining 
three terms 3a*b + 3ab* + P. Next square the first term (a) 
of the root, and having multiplied it by 3, place 3 a* in the divisor, 
divide 3 ctb by 3 a*, and it gives b the second term of the root; 
to 3a* add 3ab + b*, and it forms the divisor 3a* + 3ab+b\ 
which being multiplied by b gives 3 a*b + 3 a b + b* ; subtract, and 
nothing remains. 

62. The cube root of a compound quantity, if that root 
consists of three terms, is found by continuing the process in a 
similar manner. 

(a+by + 3(a+byc+3(a+b)c % +c*(a+b + e 
(a+b) 3 

3(a+byc+3(a+b)c % +<? 

3(g + &) g C + 3(g-f b)c* + <? 

* * * 



Sia+by+Sla+tyc+c' 



Thus (by Art. 54) the cube of a + b + c is 
(a + i) 3 +3(a + i)V+3(a-f £)c*-f &\ supposing the first two 
terms of the root to have been found as in the preceding article, 
cube a + b and subtract (a + b) 3 from the first term of the power; and 
then bring down the next three terms 3(a + b)*c -f 3{a + i)c fl + c\ 
Square the two terms already found ; which square 
being multiplied by 3, gives 3(a+J)*; divide 3(a + b)*c by 
3{a+b)\ and we have c, the third term of the root. 
To 3(a+by add 3(a + b)c+c % , and it forms the divisor 

3(a + b) 9 
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3(a+b)*+3(a + b)c+c% which being multiplied by c, gites 
3{a + b)*c+3(a-\-b)c* + <? ; subtract, and nothing remains* 

XV. 

On the investigation of the Rules for the Extraction of the 
Square and Cube Roots of Numbers. 

Before we proceed to the investigation of these Rules, it will 
be necessary to explain the nature of the common arithmetical 
notation. 

63. It is very well known that the value of the figures in the 
common arithmetical scale increases in a tenfold proportion from 
the right to the left; a number, therefore, may be expressed by 
the addition of theunits, tens, hundreds, &c. of which it consists. 
Thus the number 4371 may be expressed in the following manner, . 
viz.4O0O + 30O+7O+l,orby4X 1000 + 3X100 + 7X10+1;. 
hence, if the digits Ca) of a number be represented by a } b 9 c,d,e 9 &ic+. 
beginning from the left hand, then, 
A number of 2 figures maybe expressed by 10a + b. 

....*. 3figures. ♦ bylOOa+ \ob + c. 

4 figures by 1000a+ lOOfl+lOc+rf. 

&c. &c. &c. 

54. Let a number of three figures (viz. lOOa+lol+c) be 
squared, and its root extracted according to the Rule in Art.60. 
and the operation will stand thus ; 

i. 1 0000a* + 2000a J + 100i a +200ac+20fo+c°(iooa+iofl+c 
10000a 9 



200a + WO) QOOOab+lOOb* 
2000aJ+100i* 



200a + 20i + c) 200ac + 20flc+c fl 

200ac + 20tc + c* 



(•) By the dig-its of a number are meant the figures which compose it,' 
considered independently of the value which they possess in the arithmetical 
scale. Thus the digits of the number 537 are simply the numbers 5,3, and 7; 
whereas the 5, considered with respect to its place in the numeration 
scale, means 500, and the 3 means 30. 
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ii. Let a==2l ' ' ' 

bss3 v operation is transformed into the 

• _ J following one ; 

40O0O+12000+9O0+40O+60+l(200+3O+l 
40000 



400+30^12000 + 900+400 
12000+900 

400+60+l(400+60+l 

400 + 60+1 



in. But it is evident that this operation would not be affected 
by collecting the several numbers which stand in the same line 
into one sum, and leaving out the 5336 1 (23 1 

ciphers which are to be subtracted in 4 

the several parts of the operation. Let * 43I133 
this be done ; and let two figures be 1129 

brought down at a time, after the 4611461 
square of the first figure in the root |46l 

has been subtracted; then the ope* » 

ration may be exhibited in the manner *=*• 

annexed ; from which it appears that 
the square rodt of 53361 is 231. 

65. To explain the division of the given number into periods 
consisting of two figures each, by placing a dot over every second 
figure beginning with the units (as exhibited in the foregoing 
operation), it must be observed, that, since the square root of 
100 is 10; of i 0000 is 100; of 1000000 is 1000; &c. &c. it 
follows, that the square root of a number less than 100 must 
consist of one figure; of a number between 100 and 10000, of 
two figures ; of a number between 10000 and 1000000, of three 
figures; &c. &c. and consequently the number of these dots 
will shew the number of figures contained in the square root of 

I the 
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the given number. From hence it also follows, that the jirst 
figure of the root will be the square root of the greatest square 
number contained in the first of those periods, reckoning from 

the left. Thus, in the case of 53361 (whose square root is a 
number consisting of three figures); since the square of the 
figure standing in the hundred's place cannot be found either in 
the last period (6l), or in the last but one (33), it must be 
found in the Jirst period (5) ; consequently the first figure of the 
root will be the square root of the greatest square number 
contained in 5 ; and as this number is 4, the first figure of the 
root will be 2. The remainder of the operation will be readily 
understood by comparing the steps of it with the several steps of 
the process for finding the square root of (a + h -f- c)* in Art. 60; 
for having subtracted 4 for the first period (5), there remains 1 ; 
bring down the next two figures (33), and the dividend is 133; 
double tne first figure of the root (2), and place the result 4 in 
the divisor; 4 is contained in 13 three times, 3 ia therefore the 
second figure of the root; place this both in the divisor and 
quotient, and the former is 43 ; multiply by 3, and subtract 
129, the remainder is 4; to which bring down the next (wo 
figures (6l), which gives 461 for the next dividend. Lastly, 
double the last figure of the forma* divisor, and it becomes 46; 
place this in the next divisor, and since 4 is contained in 4 once y 
1 is the third figure of the root ; place 1 therefore both in the 
divisor and quotient; multiply and subtract as before, and 
nothing remains. 

66* The rule for extracting the cube root of numbers 1 may be 
understood by comparing the process for extracting the cube 
root of (a+tf+cf in Art*. 61 and 6% with the followiag 
operations, in which is deduced the cube root of the number 
J3997521. 
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13997521 ( 200+40+1 
a 3 = (200) 8 = 8000000 

1st Remainder 5997521 

3a f £=3 X (200) a X 40=4800000 

3ai t =3X200x(40)*= 960000 

6 9 =40X 40X40 = 64000 

5824000 



2d Remainder 173521 

3(a+4)\?=r3(200+40) t X 1 = 172800 

3(a+fl)c 1 =3(200+40) X 1= 720 

C*= 1X1X1= 1 

173521 



3d Remainder 000000 

Omitting the superfluous ciphers, and bringing down three 
figures at a time, the operation would stand thus j 

13997521 ( 241 
2'= 8 V 

5997 

300 X 2* X 4=4800 

30X2X4*= 960 

4 3 = 64 



5824 



173521 



300X(24) f Xl =172800 
30X 24 Xl*= 720 

1 8 = I 

173521 
000000 



These 
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These operations may be explained in the following manner; 

I. Since the cube root of 1000 is 10, of 1000000 is 100, &c. 
it follows, that the cube root of a number less than 1000 will 
consist of one figure ; of a number between 1000 and 1000000 
of two figures, &c. &c. ; if therefore the given number be 
divided into periods, each consisting of three figures, by placing 
a dot over every third figure beginning with the units, the 
number of those dots will shew the number of figures of which 
the cube root consists ; and for the reason assigned in the 
preceding article (respecting the first figure of the square root), 
the first figure of the root will be the cube root of the greatest 
cube number contained in the first period. 

ii. Having pointed the number, we find that its cube root 
consists of three figures. The first figure is the cube root of the 
greatest cube number contained in 13 ; this being 2, the value 
of this figure is 200, or a =200 ; consequently a 3 = 8000000; 
subtract this number from 13997521, and the remainder is 
5997521. Find the value of3a\ and divide this latter number 
by it, and it gives 40 for the value of I the second member of 
the root ; put this in the quotient, and then calculate the value 
of3a*b + 3ab*+b z and subtract it, and there remains 173521. 
Find now the value of 3(a + i) g and divide 173521 by it, and 
it gives 1 for the value of c the third member of the root ; put 
this in the quotient, and then calculate the amount of 3(a + b)*c 
+ 3{a+b)c* + <? > which subtract, and nothing remains. 

in. In reviewing thefirst of these two operations, it is evident 
that six ciphers might have been rejected in the value of a 3 , and 
three in the value of 3a*b + 3ab % + b* 9 without affecting the 
substance of the operation; having therefore simplified the 
process as in the second operation, we are furnished with the 
following Rule for extracting the cube root of numbers. 

iv. " Point off every third figure, beginning with the units ; 
"find the greatest cube number contained in the first period, 

"and 
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" and place the cube root of it in the quotient; cube it and 
" subtract it from the first period, and then bring down the next 
" three figures ; divide the number thus brought down by 300 
" times the square of the first figure of the root, and it will give 
" the second figure; then calculate the value of 300 X square of 
" first figure x second figure -f 30 x Jirst figure x square of 
" second + cube of second; subtract it, and then bring down 
" the next period, and so proceed till all the periods are brought 
" down/' The Rules for extracting the higher powers of 
numbers and of compound algebraic quantities are very tedious, 
and of no great practical utility. 

XVI. 

On the general mode of expressing the Powers and 
Roots of Quantities by means of their Indices. 

67. The management of Surd quantities, and the method of 
extracting the roots of compound algebraic quantities by means 
of the Binomial Theorem, will be treated of in Chapters VIII, 
and IX; but before we conclude this Chapter, it may be proper 
to' make a few observations on the method of expressing the 
powers and roots of quantities by means of their indices. 

i. Since ax a*=a 3 =a l+9 ; a tt xa 3 =a s =a a+3 ; or, in general, 
a m xa*=za m + n 9 it follows, that the different powers of any 
quantity are multiplied together by adding the indices. 

ii. Again, -=a=a"" ! ; ^sa^a 5 " 3 ; or, in general, 
a m a ar 

— =:a m "" ,, ; from which it appears, that the powers of a are 
divided by subtracting the indices. 

in. The square of a= a xa=a lx2 =aV 

Cube of a*=a*x a 9 x a 9 = fl * 3 =a 6 , 
or, in general, m* power of #•= a* X tf" X a" to m factors = a"*; 
from this it follows, that the powers of a are raised by mul- 
tiplying the index of the power. 

iv. Square 
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IV. Square root of a?=sa l =ia* ; 

Square root of a 4 ssa*=sa a * r 

Cube root of a 6 =a*=0i, &a &c, i.e. the roots of 
quantities are found by dividing the index of the quantity by 
the index of the root. 
...... • 

68. From this method of considering the formation of the 
powers and roots of quantities, a new species, of algebraic no- 
tation arises, of which the following are Examples ; 

i. The roots of quantities may be expressed by fractional 
indices. Thus, 

The square root of a =a 1 " J " , =a*; 

Cube root of a sTa 1 ^"* =a^; 

or, in general, m* root of a =za l ^ m ssai. 

Again, cube root of a*=a**"»=sa$; 

Square root of a*=a 3 "^=a*; 

5th root of a % =a** 5 =fl* ; 

or, in genera^ m* root of Q n =za"+ m =sa~. 



ix. Any quantity raised to the power of is equal to unity ; 



Thus, — ssa^—ss (\fn=m) a" rn,, =a j 
a* 

a m 
Hence a° =1. 

in. The powers and roots of quantities may be expressed by 
negative indices; 

For — ssa^^ss (if m=sO) or*; 
a* 

, . a° l 
but — = — ; 

a» a" 
Hence — =0-% and. vice versa* a"=— , 

iv. From 
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iv. From this it follows, that any quantity may be removed 
from the numerator of a fraction into the denominator, or from 
the denominator into the numerator 3 by changing the sign of 
its index. 

Ex. 1. Thus (since p—ft- 8 ) jr-may ^ expressed by a*br*; 

and / since a*= — ^ , we have % =s _ x i =— — . 
\ ar*l b* or* b* aT't* 

Ex. 2. The quantity -— ■? may be expressed by a % P<r*dr*er*, 

c a « 

or by — . ; — . 



64 




CHAP. IV. 

ON SIMPLE EQUATIONS. 



When two algebraic quantities are connected together by the 
sign of equality, the whole expression thus formed is called 
(Art. 11.) an Equation. Equations, as applied to the solution 
of questions or problems, consist of quantities, some of which 
are known, and others unknown ; and by the solution of an 
equation is meant, the operation by which the value of the 
unknown quantities are found in terms of the known ones. If 
an equation contains no power of the unknown quantities, but 
those quantities merely in their simplest form, it is called a 
Simple Equation ; if it contains the square of the unknown 
quantity, it is called a Quadratic Equation ; if the cube of the 
unknown quantity, a Cubic Equation ; &c. &c. The present 
Chapter will be occupied entirely with the solution of Simple 
Equations, and questions depending upon them. 

XVII. 

On the Solution of Simple Equations, containing only 

one unknown quantity. 

69. The rules absolutely necessary for the solution of simple 
equations containing only one unknown quantity may be reduced 
to four, and may be arranged in the following order. 

Rule I. 
The first rule is, that "any quantity may be transferred from 
" one side of the equation to the other, by changing its sign ;" 

and 
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and it is founded upon the axiom, that " if equals be added to 
"or subtracted from equals, the sums or remainders will be 
*' equal." 

Ex. 1. Let # + 8=15 ; subtract 8 from each side of the 
equation, and it becomes x+8 — 8=15 — 8; but 8 — 8=0, 
*\j?=15— 8=7* 

Ex* 2. Let j?— 7 = 20; add 7 to each side of the equa^- 
tion, then x— 7 + 7 = 20+7; but — 7 + 7=0, .\x=2Q + 7 

=27. 

Ex* 3. Let 3jc-5 = 2x+9; add 5 to each side of the 
equation, and it becomes 3x— 5 + 5 = 2x+9 + 5, or 3x=2jc 
+ 9 + 5. Subtract 2x from each side of this latter equation, 
then 3x— 2#=2«?— 2^+9 + 5; but 2x— 2a=0, .'. 3x— Qx 
=9 + 5. Now 3 A;— 2#=#, and 9 + 5 = 14; hence x= 14. 

On reviewing the steps of these examples, it appears 

i. That x+ 8= 15 is identical with .... x=l5 — 8. 

.11. . . . X— 7 = 20 with .... a:=20 + 7. 

III. . . 3x— 5=2x+9 • • • with 3.r— 2x= 9 + 5. 

Or, that " the equality of the quantities on each side of the 
C( equation, is not affected by removing a quantity from one 
€€ side of the equation to the other and changing its sign* 

from this Rule also it appears, if the same quantity with the 
same sign be found on both sides of an equation, it may be left 
out of the equation ; thus, if x+a=c+a, thenx=c+a— a; 
but a— a=0, .\x=c. 

It further appears, that the signs of all the terms of an equa- 
tion may be changed from + to — , or from — to +, without 
altering the value of the unknown quantity. For let x—b 
a=c— a; then, by the Rule, x=c — a + b; change the signs of 
all the terms, then i— x=a— c, in which case b— a + c=x, or 
x=zc—a-\-by as before. 

K Rule 




(C 

(( 
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Rule II. 
If the unknown quantity has a coefficient, then its value 
may be found by dividing each side of the equation by that 
coefficient;" and the foundation of the Rule is. that "if equals 
be divided by the same, the quotients arising will be equal." 

Ex. 1. Let 2x=14; then dividing both sides of the 

equation by 2, we have -?= — ; but — =jf. and — =7. 
1 J 2 2 2 * 2 ■ ° 

• • xzsz y . 

Ex.2. Let 6j?+10=3x+22j then, by Rule I, 6 x— 3 x 
=22 — 10, or 3#= 12 ; tftz/ufe each side by 3. then— = lr. 

* 3 3 

or #=4. i 

Ex.3. Let aa=J+cj then ™-tt£- tut ?f=x; 

• . i*/— » ■ . 
a 

Rule III. 

" An equation may be cleared of fractions, by multiplying 
" each side of the equation by the denominators of the fractions 
" in succession, or by their least common multiple." This Rule 
goes upon the principle, that " if equals be multiplied by the 
" same, the products arising will be equal." 

x 
Ex. 1 • Let - = 6 ; multiply each side of the equation by 3, 

3 

then (since, from what has been already shewn, the multipli- 

x 
cation of the fraction - by 3, just takes away its denominator, 

3 

and gives x) we have #=6x3 = 18. 

Ex.2. Let -+- = 7; multiply each side of the equation 

by 2, and we have #+ — = 14; now multiply each side by 5, 

5 

and it becomes 5x~\- 2 x= 70, or Tx~TO ; hence, by Rule II, 

70 

7 Ex. 3. 
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Ex.3. Let?+?=13--. • 

.23 4 

Multiplyeachsideofthe equation by 2, then#+^£= 26-— 

3 4 ' 

• by 3, and3x+2x= 78 # 



by 4, . . 12#-f 8jj=312— 6a\ 

By Rule I, I2x+8x+6x='3l2 

or 26#=312 

.\ by Rule II, #= — =12. 

26 

This Example might have been solved more simply, by mul- 
tiplying each side of the equation by the least common multiple 
of the numbers 2, 3, 4, which is 12. 

Thus, 5+f=Bi3-* 
2 3 4 

Multiplyeach sideby 12, *** + !i£=i56-!i?, 



or 6x + 4#=156 — 3x; 
••• by Rule I, 6x+4#+3#=156 



156 



or I3x=156, and#=_=i2. 

13 

Rule IV. 

" If the equation contains the square root of the unknown 

" quantity, or the square root of the unknown quantity combined 

" with some known quantity; then, let this surd quantity be 

" brought by itself to one side of the equation, and let both 

w sides of the equation be squared ; the value of the unknown 

€i quantity may then be found by the preceding Rules." This 

Rule goes upon the supposition, that " if the square root of 

" a quantity be equal to any given quantity, then the quantity 

" itself will be equal to the square of that given quantity." 

Ex.1. Letv/x— 5 = 3; then by Rule I, */x=z5 4-3 = 8; 
square both sides of the equation, then x=8 x 8=64. 

Ex. 2. 



r » 
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Ex. 2. Let s /2x+l+Qs=5 ; then, by Rule I, ^/Qx+l 
= 5 — 2=3 ; square both sides of the equation, and we have 

2x+l=9, .'. 2x=9— 1 = 8, andx=~=4. 

2 

* 

70. The following Examples will serve to exercise the learner 
in these several Rules. 

In Rule I. 
Ex. 1. 2x4-3 = x+17 Answer, x= 14. 

Ex. 2. 5x— 4 =4x4-25 x=29. 

Ex.3. 1x— 9 = 6x— 3 . x= 6. 

Ex, 4. 4x+2a=3x+9i #=9*— 2i. 

In Rules I, and II. 
Ex. 1. ^-.+- — 22 ........ Answer, x= 24. 

Ex. 2. Z^_^ = ^ ,x=lO, 

4 6 6 

XjX* v* — -4- — -— 3 1 ■■" — '•••••••••••• X = s 3u. 

' 2 3 5 

Ex, 4. —-* +?=44 . x=60. 

5 6^2 

In Rules I, II, .III. * 

Ex. 1. iox=l50 Answer, x= 15. 

Ex, 2. 15x+4 = 34 . x=* 2. 

Ex.3, 8x+7 = 6x-f27 . . . x=10. 

Ex.4. 9x— 3=4x+22 x= 5. 

' Ex. 5. 17x— 4x+9=3x4-39 x= 3. 

Ex.6. ax— c=i4-2c x=^±-l c . 

a 

In Rule IV. 

Ex. 1. */x— 1=4 Answer, x=25. 

Ex.2. N /3x+14-5=10 x=8. 

Ex. 3. l5 4-/s/r4-7 = 19 x=9. 

71. In 
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71. In the application of these Rules to the solution of simple 
equations in general containing only one unknown quantity, it 
will be proper to observe the following method. 

i. To clear the equation of fractions by Rule III. 

ii. To collect the unknown quantities on one side of the 
equation, and the known on the other, by Rule I. 

in. To find the value of the unknown quantity by dividing 
each side of the equation by its coefficient, as in Rule IK 

iv. If the equation contains a surd quantity, the Rule IV. 
must be immediately applied. 

Example 1. 

3 x v \^i 

Find the value of x in the equation — + l=-_j. — . 

Multiply by 7, then 3x + 7 = ^4.^5 

5 5 

by 5, . . 15x+35 = 7#+91« 

Collect the unknown quantities C 

on one side, and the known< I5x— 7x=91 — 35, 
on the other; (. or 8x=56. 

56 
Divide by the coefficient of x, x= — =7. ' 

J 8 

Ex. 2. , 

Find the value pf x in the equation — — — 1=$—-. 

5 7 

Multiply by 5, then x-f 3— 5=10— — ; 

by 7, • • 7# + 21 -35 = 70-5*. 

Collect the unknown quantities 1 

on one side, and the known > 7#+5.r=70— 21 +35, 
on the other ; J or i2x=84; 



''•*-12~ 7 



Ex. 3. 
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Ex.3. 

Find the value of x in the equation 

4x =xH h24. 

2 5 

Multiplyby tl^ w 

common multiple (10), J 

By transposition, 40#— 5 a?— lOx— 4jj=240— 4 — 5, 

or 40x— 19^=231, 

i.e. 2la;=231; 

231 fl 
.*. a?= — =11. 
21 

Ex. 4. 
Find the value of a? in the equation 2x— + 1 =5x— 2. 

Multiply by 2, then 4x— #+2=10x — 4. 

By transposition, 4-f2=10# — 4x+x 9 

or 6= 7#J 

7 

6 

or x= ~. 

7 
Ex. 5. 

What is the value of x in the equation 3ax+2bx=3c+a ? 

Here 3aj?+2ix=(3a+2i)xa;; 
.*. (3a + 2i)x a?=3c+a. 

Divide each side of the equation by3a + 2#, which is the 

coefficient of x ; then x= 7 . 

3a+2u 

Ex. 6. 



( a ) As this step involves the case " where the sign — stands before 
a Fraction," when the numerator of that fraction is brought down into the 
same line with 40x, the signs of both its terms must be changed, for the 
reasons assigned in Ex. 3, page 28 ; and we therefore make it— 5x-f 5, and 
not 5 or— Si. 
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Ex. 6, 
Find the value of a: in the equation 3ix+a=2ax+4c. 

Bring the unknown quantities to one side of the equation, and 
the known to the other; then, 

3ix— 2ax=4c — a, 
but 3ix— 2ax=s(3i — 2a) xx; 
.\ (3i— 2a)x=4c- a. 

Divide by 3 4— 2a, and x=±-£^- . 
' 3i-2a 

Ex. 7. 
Find the value of x in the equation ix-f- x=2x+3a. 

Transpose 2x, then ix+x— 2x=3a, 

or ix — x==3a, 
but ix — x=(i — l)xj 

•\ (i— l)x=3a, 

i 3a 
and #=7 . 

i— 1 

Ex. 8. 

3 x X 2x 

Find the value of x in the equation — — c+ T =4x+— r» 

a b a 

Multiply by aid, then 3bdx—abcd+adx==4abdx+2abx. 
Bytransposition,3idx+adx- 4a idx—2aix=aicd, 

or (3#d+ad— 4aid— 2ai)x=aicd 

abed 

• • x— —————— ^——^——— —— 



3 id-fad— 4a id— 2ai. 

Ex. 9. 

2a 



Let A/x + \/a+,r=— =- to find the value of x. 

\/a+x 



Multiply by \/a+x, then V^ x \/fl+^+fl+«=2a. 

By transposition, */xx \/a + x = 2a— a — x= a — x. 

Square both sides, x x (a + x) = a* — 2 a x + x% 

or ax+x* =a 9 — 2ax-f-x , j 

•\ 3ax =a a 

• a a 

and x=^— =r« 
3a 3 
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Ex. 10. 

Let a+x=\^a 9 +jv'#'-f*x a to find the value of jr. 

Square both sides, and we have a*+2ax+a?*=a*+a\/£*+x% 

or Qax+x*=zxi/b*+x\ 
Divide by x, 2a+x=</b % +x\ 
Square again, 4a*+4ax+x*=b*+x*; 

.•. 4a t +4ax=ff l , 

or 4ar=#"— 4a\ 

Hence. #= = jl 

4a 4a 

Ex.11. x+- + -=ll .... Answer, x= 6. 

2 3 

Ex.12. - + -+-=- + 17 *=60. 

5 4 3 2 

Ex.13. 4x— 20= 1 ..... x=10. 

7 7 

Ex.14. *+*-?=! *=S. 

2 3 4 2 7 

t» ie « . ! X+3 1 

Ex.15. 3jC+~= — ' — #=-. 

9 3 3 

Ex.16. 3x — 5 = 29— 2x x=14. 

7 

Ex.17. 6x— — — 9=5x x=36. 

4 

« 1Q fl #+3 llc 12x+26 

Ex.18. 2a?— - — hl5= ■ . . x=12. 

3 5 

Ex.19. £Z!+?=20-^l£ .... «=18. 
2 3 2 

Ex.20. 5x-^^i + l=3x+^? + 7 . X=8. 

3 2 

* 7 

Ex.21. 2ax+£=3cx+4a x= . 

2a— 3c 



Ex. 22. 
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JEx. 22. 5ax— Q0+4lx=Qx+5c j?= . 4 a^o * 

4_ ■ _■ , 2c+a 

Ex. 23. vx + Qx—ai=z3x+Qc x=— t — —. 

a+a? i— x 4a a — 3ft 

Ex. 24. 3#— a + cx= — . . x= 



a 8a + 3ac— 3* 

XVIII. 

On the Solution of Simple Equations containing Two or 

more unknown Quantities. 

. Far the solution of equations containing two or more unknown 
quantities, as many independent equations are required as there 
are unknown quantities. The two equations necessary for the 
solution of the case when two unknown quantities are concerned 
may be expressed in the following manner, 

ax+by=zc 

1,11 r 

ax+vy=zc 
where a, b> c, a, U, c represent known quantities, and x, y the 
unknown quantities whose values are to be found in terms of 
these known quantities. 

72. There are three different Rules by which the value of one 
of these unknown quantities may be determined; 

Rule 1. 

Let ax + by^zc (A)') be the two equations 
and a'x+b'y=c (B) $ to be solved. 

Multiply equation (A) by a, then aa'x+a'by=a'c (C) 
(B) by a, . . . aa'x+ab'y=ac' (D) 

Subtract equation (D) from (C), then (ab—al/)y=a'c—ac 

_jdc—ac 

From which we deduce the following Rule. " Multiply the 
" first equation by the coefficient of x in the second equation, 

L "and 



"V 



"s. 



\ 
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" and the second equation by the coefficient of x in the first 
"equation; subtract the last of these resulting equations from 
" the first, and there will arise an equation which contains only 
" y and known quantities, from which the value of {/ is de- 
" termined." 

Rule II. 

» From equation (A), ax=c — by, .\ jc= ^ 

ft 

........ (B),dx^c^b f y,.\x^^Z^l 

Putting these two values of x equal to each other, we hove 
— r-y-^= 2L; and .\ ac'— ab'y=a'c~ dby\ 

By transposition, (a'b—ab')y=:dc—a<f 

i a'c — ac' 
ab — ab 

From which it appears, that "if the value ot x in the first 
" equation be put equal to its value in the second, there will 
" arise a new equation involving only y, from which the same 
" value of y is found as before." 

Rule III. 

From equation (J), x~ c ~~ % ; substitute this value of x in 

a 

equation (B), then ax ^-f £'y=c' 

or dc—dby+aby=a<f 

.\ dc—ac'={db — aV)y 

, dc—ac 
andy=— 

* ab—ab' 

From which we infer, that " if the value of x found from the 
"first equation be substituted for it in the second, there will 
" arise an equation which gives the same value of y as in the 
" two former instances." 

73. Having 



re- 
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73. Having determined the value of y, the value of j; may 

be found in each case, by substituting this value for y either in 

the first or second equation, The value of x in the first equation 

. c—ly ,. dc—ac c b( dc—ac*) n 

is £; but y=-r- -, .: x= --->_-- rf.-W 

a ab—ab a a(ab—ab) 

be ~~ b c 
ducing these fractions to a common denominator) — — — -> 

ab—ab 

The value of x in the second equation is r-^= -, ~" \ .,' — tJt 

a a a(ab—ab) 

=(by reducing these fractions to a common denominator) 

Ic-Vc . , 
— as before. 

ab—ab 

74. From hence it appears, that in finding the value of y, 
either of the three Rules may be applied; and that in finding 
the value of x, the value of y so found may be substituted either 
in the first or second equation. In the choice of the Rule which 
may be most adapted to practical application, experience only 
can be our guide. It may further be observed, that there are 
cases in which Rule I. may be somewhat varied; for instance, 
if the given equations be, 

ax+by=c (A) 
dx—Vy-=-c (JB) 



Multiply equation (A) by &', then, ab'x+bb'y—b'c (C) 
(B) by b, . . . dbx-bb'y=bc'(Dy 

Add equation (D) to (C), then (ab' + db)x=:b'c+bc' 

and jggr . 

ab +au 

Having the value of x, the value of y may be found by some of 
the preceding methods. 

75. The following examples are intended to illustrate each 

Rule separately ; 

Ex. 1. 
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Example 1. * 

Let 5#+4y =55(^)2 to find the valuek 
3ir+2y=31 (B)S of x and y. 

By Rule I, 

Multiply {A) by 3, then 1 5 x + 1 2y = 1 65 
(5) by 5 . . • 15^+10^=155 



•\ by subtraction, we have 2y= 10, or y=— =5. 

55 "— 4l/ 
Now from equation (^f) we have #= -£= (since y=e<5, 

5 

j . ^ ^n 55 — 20 35 „ 
and .\ 4y=20) — = — = 7- 

5 5 

Ex. 2. 

Letx+4y=l6 (A) 
4x+ y=34 (B) 



From equation (-4), we have x= 16— 4y. 
. . . : (B) x=^^. 

34" — 2/ 

Hence, by Rule II, *-= 16— 4y, 

or 34— y=64— l6y; 

30 
.\ I5y=30 or 2/ = — = 2. 

15 ? 

It has already been shewn that #=16— 4j/= (since y==2 > 
and .\ 4y=8) 16—8=8. 

% Ex.3. 

Let^+ 8y=31 (J) 

?Lt£+ioj?= 192(B). 

4 

CWareq a, .(^)offract 8 .a?+2-f 24y= 93,orx-f24y= 91 (C) 

(B) • . . . y + 5+40#=768,ory+40x=763(D) 

From 
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From equation (C), x=9 1 — 24y ; by Rule III, substitute this 
value of x in equation (D) ; then we have, 

y +40(91— 24 y)= 763 
or j/+ 3640— 960 j/ = 763 

.'. 959^ = 3640-763 = 2877 

and v= = 3. 

9 959 

By referring to equation (C), we have #=91 —24 i/= (since 

y=3, and .'. 24y=72) 91 — 72=19. 

Ex. 4. 

Let 3x+4y=29 {A). 
17x-3t/=36 (J3). 

In this example, the Rule mentioned in Art. 74. must be 
applied. 

Multiply equation {A) by 3, then 9&+ 12y= 87 (C) 
(B) by 4 . . . 68x — 12y=144 (£>) 

231 

Add equation (D) to (C), then 77 a?=231 or #= ^- =3. 

From equation (-4) wehave4y=29 — 3 x= (since #=3, and 

\ 20 „ 

♦\ 3a?=9) 29 — 9=20; hence j/=-=5. 

Ex.5. 4*+3y=30 Answbr> <s*=4 

3tf+2y = 22) Cy = 5, 

Ex.6. 3a?+2y=40? £#=10 

2x+3y=35) cy= 5. 

Ex.7. 5#— 4y=l9> $#=7 

4#+2y=363 " Cy=4. 

Ex.8. 3#+7y=79> £#=10 

2y— J#= 9$ £y= 7. 

Ex.9. ^±2+1= i\ ' „ 

3 I C#=ll 

-^-£+3= 4j ^ 

Ex. 10. 
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. . . Answer 






Ex.10. 5±£-2y=^ 

2x— 4V , 23 

Ex.11. S^Zl +yz=7 

2 * 

67 
* 2 
Ex.12. 3*-7y = 2*+i/+l 

3 5 
8-^=6 

76. When /Aree unknown quantities are concerned, the 
most general form under which simple equations can be ex- 
pressed, is ax+by + cz=d (E) 

ax+b'y+c'z=d' (F) 
a"x+b"y+c"z=zc[' (G), and the mode of 
solution may be conducted in the following manner. 

I. Multiply eq n .(E) by a', then adx+dby + a'cz=ia'd (H) 
(F)bya . . . adx+ab'y+ac'z=:ac£(K) 

Subtract (K) from (H), then (a'i— abjy+fa'c-a c)z =dd—acF "(£). 

By multiplying" 

(F) by a", and 

(G) by a, and 

the former, we 
obtain in the 
same manner, 

ii. Next, let the coefficients in equation (L) be repre- 
sented by *, /3, y respectively! and those in equation (M) 
by *a fi's v' respectively ; then those equations may be reduced 
to the following form ; viz. 

«y + 
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*y+fiz=y. 

u'y + p'z = y . From which, by making 
the proper substitutions in Rule I, and in Art. 73> we have, 

«ty— cty 

in. From equation (22), we have z=z *^Z — • in which, 

a a 

substituting the values of y and z just now found, we obtain 

a If(fiy — fiy) m \-c(ecy — ccy) 

a a(*fl—*p) 

This mode of operation might be easily extended to equations 
containing any number of unknown quantities. 

Example 1. 

Let 2oc + 3y+4«=29 (£)) - ,, 

o T/T e o« ; r (f t0 find the va- 
3a?+2y + 5*=32 (F)\. 

* . o . « ^ C //-rxiluesofx,^,*. 
4#+3y-f 2*=£5 (G)) ' JK 



i. Multiply (£) by 3, then 6x-f- 9y + 12s=87 (H) 
(F)by2 . . .6a?+4y+10s=64 (JjT). 

Subtract^) from (H) . . 5y + 2s*=23 (L). 

Multiply(F) by 4, then 1 2a? + 8y + 20s =128 
(G)by2,. . .12#+dy+ 6*=75 

Subtract — y+ 14«=53 (M). 

ii. Hence the given equations are reduced to, 

5y + 2s = 23 (L) 
-y + 142=53 (M). 

Again . . . 5y + 2s=23 
Multiply (Jlf) by 5, then— 5y + 703=265 



288 

By addition 723=288, or *=^=4 

From equation (M) y=14»— 53 = 56— 53 = 3. 

in. From 
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in. From equation (E) . . x=— - =— =2. 

Ex.2. j?+y+«=90 } (#3=35 

2x + 40=3i/ + 20> Answer, <y=30 

2X + 40 = 43+10} (fc = 25, 

Ex. 3^ x+ y-f * = 53 1 C#=24 

x + 2y+3z= 105> Jy = 6 

x+3i/-f-4z= 1343 t*^ 23 ' 

XIX. 

The Solution of Questions producing Simple Equation*. 

In the reduction and management of equations, we have pro- 
ceeded by fixed and stated rules ; but in the solution of question^ 
we have no such rules to guide us. Every particular question 
requires a distinct process of reasoning, to bring it into an alge- 
braic form ; and nothing but practice and experience can produce 
expertness and facility in conducting this process. All that can 
be done for the learner in this case, is, to explain the manner in 
which the principles of this science may be made to bear upon 
questions in general ; for as soon as they can be brought into 
the shape of equations, we have only to supply the foregoing 
Rules for finding the value of the unknown quantity or quan- 
tities. Before we proceed, therefore, to any actual examples, it 
may be proper to shew the relation which arithmetical and 
algebraic operations stand in to each other. 

77. Suppose the following arithmetical question was proposed 
for solution ; viz. " To divide the number 35 into two such 
" parts, that one part should exceed the other part by 9." 
A person unacquainted with Algebra might with no great 
difficulty solve this question in the following manner. 

I. It appears, in the first place, that there must be a greater 
and a lesser part. 

II. The greater part must exceed the lesser by 9. 

in. But 
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in. But it is evident that the greater and lesser parts added 
together must be equal to the whole number 35. 

i V. If then we substitute for the greater part its equivalent , 
viz. " the lesser part increased by 9"," it follows, that the lesser 
part increased by 9, with the addition of the said lesser part, 
is equal to 35. 

v. Or, in other words, that twice the lesser part with the 
addition of 9, is equal to 35. 

vi. Therefore, twice the lesser part must be equal to 35, with 
g subtracted from «/» 

vii. Hence, twice the lesser part is equal to 26. 

viii. From which we conclude, that the lesser part is equal 
to 26 divided by 2; i. e. to 13. 

ix. And consequently, as the greater part exceeds the lesser 
by 9, it must be equal to 22. ' 

But by adopting the method of algebraic notation, the dif- 
ferent steps of this solution may be much more briefly expressed 
as follou'% 

i. Let the lesser part . . . h =#. 

11. Then the greater part =x+9. 

in. But greater part -f lesser part . . . . . =35. 
iv. .'. x+9+x =35. 

V. or 2x+9 • • • • =35. 

VI. .\ 2x . . • . =35 — 9. 

VII. or 2x = 26. 

viii. .'. x(lesser part) = — =13. 

ix. andx+9 (greater part) =13 + 9=28. 

m 78. Having 



fe* 
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78. Having thus explained the manner in which the sttferal 
steps in the solution of an arithmetical question may be expressed 
ia the language of Algebra, we now proceed to its exemplifi- 
cation. 

« 

Question 1. 

There are two numbers whose difference is 15, and their 
sum 59. What are the numbers ? 

As their difference is 15, it is evident that the greater number 
must exceed the lesser by 15. 

Let, therefore, #= the lesser number 
then will x+ 15= the greater 
But their stow =59 
.*. x+x+ 15=59 
or 2# + 15 = 59 

* and 2a?=59 — 15 = 44 

44 
.\ a?= — =22 the lesser number 

2 

and x+ 15 = 22 + 15 = 37 the greater. 

Question 2. 

What two numbers are those whose difference is 9; and if 
three times the greater be added to five times the lesser, the 
sum shall be 35 ? 

Let #= the lesser number ; 
then x+ 9= greater number. 
And 3 times the greater = 3 x (x + 9) = 3 x + 27, 
5 times the lesser = 5#. * 

But by the question, 3 times the greater + 5 times the lesser =35. 

Hence, (3x+27) + (5x) ±s35, 

-.*. 8x-f 27 = 35, 
m or8a?=35— 27=8; V. ar=l fewer number, 

and #+9=1 + 9=10 the greater number. 

Qu. 3. 
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Question 3. 

What number is that to which 10 being added, |.ti}8 of the 
sum shall be 66 ? 

Let #=the number required; 
then x-f- 10= the number, with 10 added to it. 

Now |ths of (*+ 10)=3 (*+ 10) =-i£±!2L = ?£±^. 

5 5 5 

But, by the question, -f^bs of (#+ 10)=60; 

Hence, 3 * +30 =66. 
5 

Multiply by 5, then 3#+30=330; 

300 
.\ 3a?=330— 30=300; ora?= — - = 100. 

3 

Question 4. 
What number is that which be\ng multiplied by 6, the 
product increased by 18, and that sum divided by 9, the 
quotient shall be 20 ? 

Let ass the number required; 
then 6x=the number multiplied by 6; 
6x+ 18 = the product increased by 18, 

and — i — = that sum divided by 9. 

9 J 

Hence, by the question, — i — , = 20. 

Multiply by 9, then 6x+ 18= 180, 

or 6#= 180- 18= 162: .-. a?= — = 27. 

' 6 

Question 5. 
A post is 7th in the earth, ^ths in water, and 13 feet out of 
the water. What is the length of the post ? 

Let x = length of the post ; 

then - = the part of it in the earth, 

3x 

— =the part of it in the water, 
7 



1 3 = the part of it out of the water. 



But 
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But part in earth -f part in water + part out of water = whole post ; 

... (f) + ( 3 ^) + 

Multiply by 5, then X+ — +65 = 5x; 

by 7 . • 7#+ 15x+455 = 35ar, 

or 455 = 35a? — 7#— 15x=13r. 
455 

Hence a?= =35 length of post. 

Question 6. 

After paying away Jth and -J-th of my money, 1 had £.85 left 
in my purse; What money had I at first ? 
Let x= money in my purse at first ; 

then x + = money paid away, 

But money at first— money paid away = money remaining., 

Hence a?— f - + - j = 85, 

• x x ^^ 

l*e* X "■ ■• — •— — sk o5. 

4 7 

4a? 

Multiply by 4, then 4a?— a?— ~ =340; 

■•,.,. hy7 . . 28a:— 7^— 4a? =2380, 

.\17a: =2380; or a?=^?= 140/* 

Question 7. 

Of a battalion of soldiers, |ths are on duty, ~ th are sick, 
3-thsofthe remainder are absent, and there are 48 officers. 
What is the number of persons in the battalion ?\ 

Let a?= the number of persons in the battalion. 
Then |ths of a?, or — , =men on duty, 

~th of x, or-£.,=the sick ; 
•° 10 

AnA 



■* ,. 
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3 X Y 34 J? 1 7 X 

And h— * or , = _ — =men on duty and sick. 

4 10 40 20 ' 

Tf \1 X O X • i 

Hence #— = — = remainder, 

20 20 

o«< Q T" 

And -3-ths f — or _f__ _- 3 t h s f remainder = the absent. 

20 100 s 

But the men on duty, the sick, the absent, and the officers 
together, make up the whole battalion; 

i. e .il£ + ^-+ 48=*, 
20 100 

or 17^+55 + 960 = 20,r; 
5 

.\ 85# + 9#-f 4800 = 100tf. 
Hence lOOx— 85x— 9#=4800, 

or6a?=4800; or x=z 152^=800. 

6 

Question 8. 

There are two numbers, such, that 3 times the greater added 
to yd the lesser is equal to 36; and if twice the greater be sub- 
tracted from 6 times the lesser, and the remainder divided by 8, 
the quotient will be 4, What are the numbers ? 
Let x=the greater number, 
y =the lesser number ; 

Then 3#+2=36") 

3 I 9x+ 3f=108 

6y—2x _ 4 J ° r ' 6y — 2#= 32; 

Or, y + 9x=108(A), 
6y — 2x= 32(B). 
Multiply equation (A) by 6, then 6i/ + 54x=648 
Subtract equation (JB) . . . 6y— 2x= 32; 

then 56x=6l6; 

616 ,, 
,\ #=_ -sail. 
56 

From equation A . .- . • y= 108— 9«=108— 99=9. 

Qu.9. 



1 
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Question 9. 

There is a certain fraction, such, that if I add 3 to the nu- 
merator, its value will be -jd; and if I subtract one from the 
denominator, its value will be £th. What is the fraction ? 

Let x= its numerator V, *.***.. . x 

tthen the fraction is - . 
y= denominator J y 

Add 3 to the numerator, then =- I 

y 3 I 3#-f 9=y 

x _] [ ' 5a?=y— 1. 



Subtract one from denom r ., and 

By transposition, y— 3x=9 (^4), 

y — 5#=1 (JB). 
Subtract equation (5) from (A)> and we have 

2#=8; 

.•. #=-.=4 the numerator. 

2 

From equation (>4) y = 9 + 3#=9 + 12=21 the denominator. 
Hence the fraction required is — . 

Question 10. 
A and jB have certain sums of money; says^f toJB, give me 
15Z. of your money, and I shall have 5 times as much as you 
will have left; says B to A, give me 5/. of your money, and 
I shall have exactly as much as you will have left. What 
sum of money had each ? 

X Zr» S ^ithen a?+15 = what A would have after 

^"~ * receiving 15/. from JB. 

y t- 1 5 = what jB would have left. 

Again, y + 5 = what B would have after 

receiving 5L from AL 

x— 5 = what A would have left. 

Hence, by the question, x+ 15 = 5 x(y— 15=)5y— 75,1 

and j/+ 5=x—5. ) 

By transposition, 5y— #=90 (-4), 

and y — #= — 10 (fl). 

Set 
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Set down equation (A) 5y~' #=90. 
Multiply eq\ (JB) by 5, by — 5x= —50. 

Subtract (JB) from {A) 4x=140; 

,\ x= — =35 As money. 

From equation^) 5y=90+ff=90-f 35 = 125; 

,\ y— .= 25 B s money. 

Question 11. 
A person bought a certain number of sheep for 94/ ; having 
lost 7 of them, he sold Jth of the remainder of them at prime 
cost for 20/. How many sheep had he at first ? 
Let x= number of sheep he had at first. 

Then — = — =what each sheep cost. 

x number of sheep 

Now x— 7 = number remaning when 7 were lost ; 



• • 



x-1 _ 



=the number sold for 20/. 



4 
But the number sold x price of each=z amount of sheep sold. 

Hence, by substitution, x— =20, 

TC X 

or (x— 7)X94 = 80x, 

i.e. 94JJ— 658 = 804?, 

or 94tf — 80x=658, 

658 

.'. 14x=658: or x=z =47. 

14 

Question 12. 

-^ and B have the same income ; A is extravagant, and 
contracts an annual debt amounting to fth of it; B lives upon 
fthsofit; at the end of 10 years, B lends A money enough 
to pay off his debts, and has then 160/. to spare. What is 
their income? 

Let 
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Let x= their income. 

Then ith of x, or -=^'s annual debt, 

7 7 

DC 1 JJ 

and 10 x - or =^4's debt contracted in 10 years* 

7 7 * 

As B lives upon £ths of his income, he saves annually •J-th of it J 

hence, -=.B's annual saving, 
5 

CC 10.27 

and 10 x -, or , or 2x= JS's savings in 10 years* 

5 5 

But, by the question, B's savings =jfs debt-f 160; 

10a? 
.•• by substitution, 2x= + 160, 

7 
or 14x=10x+1120, 

1 120 

and 4x= 1 120; or x= - = 280/. 



Question 13. 

A person was desirous of relieving a certain number of beggars 
by giving them 25. 6d. each, but found that he had not money 
enough in his pocket by 3 shillings; he then gave them 
2 shillings each, and had four shillings to spare. What money 
had he in his pocket; and how many beggars did he relieve? 

Let x= money in his pocket (in shillings) . 
j/= number of beggars. 

Then 2 \ xy, or — 2=N°. of skill', which would have 

[been given at 2s.6d. each. 

and 2 xy, or 2y= at 2s. each. 

Hence, by the question, JL~x+3 {A) 9 

2 

and 2y=x-*4 (B). 

Subtract (J5) from (A), then *-=7, or j/=14, the number of 

2 [beggars, 

From eq B .(£),x=2y +4 = 28+4 = 32 shillings in his pocket. 

Qu. 14. 



simple equations. 89 

Question 14. 

A person passed £th of his age in childhood, £th in youth, 
£th -f 5 in matrimony ; he had then a son whom he survived 
4 years, and who reached only \ the age of his father. At what 
age did this person die? 

Let 07= age of the person at the time of his death. 

x . 

Then ~= time spent in childhood. 

x 

— -= ..... in youth. 

[ x 

~+5 = in matrimony. 

JP x x 

.•. --J ^ — h5 = age of the person when the son 

^ 12 7 [was born, 

#»* * • *^ • • 

T* 1? X 

andx — ~ — 5 = interval between birth of the son 

6 12 ? [and the old man's death; 

/.#—-—— — — 5— 4 = age of the son when he died. 
6 12 7 

But, by the question, the son died at \ the age of his father, 

ww X X X X 

Hence, x— ~ — -— 9 = -- 

6 12 7 2 

\2x 
Mult y .by 12, then 12x— 2x—x— ~— 108 = 6x, 

125; 
or 3x = 108* 

7 ■ * 

and 21 jc— 12o?=756; 

756 
.-. 9jc=756; orx:= — =-84. 

Question 15. 

To find a number, such, that whether it is divided into two 
or three equal parts, the continued product of the parts shall be 
equal to the same quantity. . . 

N Let 



«rt 
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Let x=the number required. 

X X 

Then - X -= continued product, when the number 

[is divided into two parte, 

x x x 
and - x - x -= continued product, when the numljer 

[is divided into three parte. 

Hence, "ix x_jx x x x* _tf^ 
bythequestion,$2 X 2~"3 X 3 X 3 , or T""27 5y 

Divide by x% then 27 =4 a?, 

27 
and x= — =6|, the number required. 

Question 16. 

There is a certain number, consisting of two digits. The sum 
of those digits is 5 ; and if 9 be added to the number itself, the 
digits will be inverted. What is the number? 

Let #= left-hand digit. 
yz= right-hand digit. 
Then by Art. 63. 10#+y=the number itself, 

and lOy + x=the number with its digits inverted. 
Hence, by the question, x+y=5 (A), 
and 10x+2/-f-9==10i/+x,or9jc— 9y= — 9,orx— y= — l(J3). 
.Subtract (J5) from (^4), then 2y = 6, and y = 3, 

x = 5— y=5— 3 ==2 ; 
.% the number is (lOx-f y) 23. 

^f(2df 9 to this number, and it becomes 32, which is the number 
with the digits inverted. 

Qu. 17. What two numbers are those whose difference 
is 10; and if 15 be added to their sum, the whole will be 43 ? 

Answer, 9, and J 9. 

Qu. 18. There are two numbers whose difference is 14; 
and if 9 times the lesser be subtracted from 6 times the greater, 
the remainder will be 33; What are the numbers? 

Answ. 17, and 31. 

Qu. 19. 
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Qu. 19. What number is that, to which if I add 20, and 
from yds of this sum I subtract 12, the remainder shall be 10? 

Answer, 13. 

Qu. 20. What number is that, of which if I add ^d, Jth, 
and |ths together, the sum shall be 73 ? 

Answ. 84. 

Qu. 21. Two persons, A and JB, lay out equal sums of 
money in trade; A gains 120/., and £ loses 80/.; and now 
A 9 s money is treble of B's ; What sum had each at first? 

Answ. 180/. 

Qu. 22. What number is that whose yd part exceeds its -J-th 
by 72? Answ. 540. 

Qu. 23. There are two numbers Whose sum is 37 ; and if 
3 times the lesser be subtracted from 4 times* the greater, and 
this difference divided by 6, the quotient will be 6. 'What are 
the numbers? Answ. 21, and 1 6. 

Qu. 24. There are two numbers whose sum is 49; and if 
yth of the lesser be subtracted from yth of the greater, the 
remainder will be 5. What are the numbers ? 

Answ. 35, and 14. 

Qu. 25. What two numbers are those, to one- third the 
sum of which if I add 13, the result shall be 17; and if from 
half their difference I subtract one, the remainder shall be two? 

Answ. 9, and 3* 

Qu. 26. There is a certain fraction, such, that if I add one 
to its numerator, it becomes g; if 3 be added to the denomi- 
nator, it becomes y. What is the fraction ? 



A 5 

Answ. — • 



Qu. 27. 
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Qu. 27. A person has two horses, and a saddle worth wL ; 
if the saddle he put on the Jirst horse, his value becomes double 
that of the second ; but if the saddle be put on the second horse, 
his value will not amount to that of the Jirst horse by 13/. 
What is the value of each horse ? Answ. 56 and 33* 

Qu. 28. To divide the number 72 into three parts, so that 
\ the first part shall be equal to the second, and |ths of the 
second part equal to the third. Answ. 40, 20, and 12. 

Qu. 29. A person after spending «yth of his income plus 
10/., had then remaining £ of it plus 35/. Required bis 
income. Answ. 150/. 

Qu.. 30. A gamester at o?ie sitting lost -fth of his money, 
and then won 10 shillings; at a second he lost yd of the re- 
mainder, and then won 3 shillings; after which he had 3 guineas 
left. What money had he at first? Answ. 5/. 

Qu.31. There are two numbers, such, that J the greater 

* added to •§• the lesser is 13; and if J the lesser be taken from 

•§4 the greater, the remainder is nothing. What are the 

numbers? Answ. 18 and 12. 

Qu. 32. There is a certain number, to the sum of whose 
digits if you add 7> the result will be three times the left-hand 
digit ; and if from the number itself you subtract 1 8, the digits 
will be inverted. What is the number ? Answ. 53. 

Qu. 33. Divide the number 90 into four such parts, that 
the first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, may all be equal 
to the same quantity. Answ. 18, 22, 10, 40. 

Qu. 34. A merchant has two kinds of tea, one worth 9s.6d. 
per pound, the other \3s.6d. How many pounds of each must 
he take to form a chest of 1041 bs. which shall be worth 56/.? 

Answ. 33 at 135. 6d. 
71 at 9s. 6d. 
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Qu. 35. A vessel containing 120 gallons is filled in 
10 minutes by two spouts running successively ; the one runs 
14 gallons in a minute, the other 9 gallons in a minute. 
For what time has each spout run ? 

Answer, 14 gallon spout runs 6 minutes. 

9 gallon spout ... 4 minutes. 

Qu. 36. In the composition of a certain quantity of gun- 
powder, yds the whole + 10 was nitre; -J-th the whole —4 J was 
sulphur; and the charcoal was T th of the nitre *— 2. How 
many pounds of gunpowder were there ? 

Ansvv. 69 pounds. 

.Qu. 37. To find three numbers, such, that the Jirst with 
J the sum of the second and third shall be 120; the second 
with 7 th the difference of the third and first shall be 70 ; and 
£ the sum of the three numbers shall be 95. 

Answ. 50, 65, 75. 



94 



CHAP. V. 



ON QUADRATIC EQUATIONS. 



Quadratic Equations are divided into pure and adjected. 
Pure quadratic equations are those which contain only the 
square of the unknown quantity ; such as x*=36 ; x*-f 5=54; 
ax*— b = c ; &c. Adjected quadratic equations are those which 
involve both the square and simple power of the unknown 
quantity, such as # fl + 4x=45; 3x* — 2o?=21; ax % +Qlx 
=c+d; &cc.&c. 

XX. 

On the Solution of Pure Quadratic Equations. 

79. The Rule for the solution of pure quadratic equations 
is this; "Transpose the terms of the equation in such a manner, 
" that those which contain x* may be on one side of the 
" equation, and the known quantities on the other; divide 
" (if necessary) by the coefficient of x 1 ; then extract the square 
" root of each side of the equation, and it will give the value 
"ofx." 

Ex. 1. 

Let x* + 5 = 54. 
By transposition, x* = 54 — 5 = 49. 

Extract the square rootl 

of both sides of the > then x=^49=7. 
equation J 

Ex.2. 
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Ex. 2. 

Let 3x*— 4=71. 
By transposition, 3x*= 7 1 +4 = 75. 

Divide by 3, x 9 = — =25. 

3 

Extract the square root, #=4/25 = 5. 

Ex. 3. 

Let5x 9 — 27 = 3# 9 + 215. 

By transposition, 5 a? 9 — 3 x* =215 + 2 7, 

or, 2# 9 =242; 

9 242 
,\ a; =- — = 121, and xsii, 

2 

Ex.4. 

Let ax*— i=c; 

then ax"=c+i, 

j t c+# /c4-b 

and #=—:--, or #=\ / -ZLr. 

a V a 

Ex.5. 

Let ax*—5c=bx*—&c + d. 
Then ax*— flx*=5c-3c+d, 
or (a— i)x*=2c+rf; 

a--0 V a— 4 

Ex.6. 5a?*— l =244. . . Answer, x=7. 
Ex.7. 9x 9 + 9 = 3x 9 + 63 x=3. 

Ex.8. 4x * + 5 =45 1 . X=10. 

9 

Ex.9. bx* + c+3 =2ix , + l x=\/^t-?. 



Ex. 10. 2 ax 1 



•«+# — 4 =ca? »_ 5+i— ax* . . a?=\ / . 

V 3a-*-c 



XXL 
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XXI. 

On the Solution of Adfected Quadratic Equations. 

80. The most general form under which an adfected quadratic 

equation can be exhibited is ax* + bx=*c; where a,b,c, may 

be any quantities whatever, positive or negative, integral 

or fractional. Divide each side of this equation by a, then 

b c b c 

af-f _x=-. Let -=p, ~=tf; then this equation is reduced 
a a a * a 

to the form x*+px=q 9 where p and q may be any quantities 

whatever, positive or negative, integral or fractional. 

81. From the twofold form under which adfected quadratic 
equations may be expressed, there arise two Rules for their 
solution. 

Rule I. 
Let x*±px~q. 

Add £ to each side/ , , , p f « p* , p* + 4q 
4 SX±px + Z- z=zCL+q=: r v . 

of the equation, then 1 

Extract the square root } x±-= ?■ 
of each side of the > ,— -, 

equation, then 1 and x= ^ v — £. 

2 



( a ) This quantity is the square of ar±-, for 



4 



(*>) Since the square of +a is +a a , and of —a is also +a a , the jgvare 
root of + o a may !>e either + a or — a ; hence the square root of />* + 4 j may 
be expressed by ±\//' a "r" 4 2'« 
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Hence it appears, that " if to each side of the equation there 
" be added the square of half the coefficient of the second term, 
" there will arise, on the left-hand side of the equation, a quan- 
tity which is the square of x±£; add by extracting the 

" square root of each side of the resulting equation, we obtain 
" a simple equation, from which the value of x may be de- 
€i termined." 

RtJLB II. 

Let fl^iixac. 
Multiply each side of the ^ 4aV ±4a6*=4ac. 

equation by 4 a, j 
Add b % to each side, we have 4aV± 4abx + 6 a( ° = 4 a c -f- b*. 



Extract the square root as before, 2ax±b=±\/4ac+b* ■ 

/. 2 a x= ± x/Tac+V =F b 

andx=^ll£±ZH 

2a 

From which we infer, that " if each side of the equation be 

" multiplied by four times the coefficient ofx*, and to each side 

" there be added the square of the coefficient of x, the quantity 

" on the left-hand side of the equation will be the square of 

a 2axj b. Extract the square root of each side of the equa- 

" tion, and there arises a simple equation, from which the value 

u of x may be determined**." 

If 



( c ) This quantity is the square of 2 a *;£ b> for 

Sax±b 

4a 9 « 9 ±2o6r 

±2abx+b* 

4a*x*±4abx+b* 

( d ) The principle of this Rule will be found in the Bija £am7«, a Hindoo 
Treatise on -the Elements of Algebra. For a full account of that work, as 
translated by Mr. Strachey, see Dr. Hutton's Tracts, Vol. II. Tract 33. 

O 
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• If a=l, the equation is reduced to the form x*±px=g; 
in this case, therefore, the Rule may be applied, by " mul- 
u tiplying each side of the equation by 4, and adding the square 
ic of the coefficient of x." 

82. Either of these Rules may of course be applied to the 
solution of adfeeted quadratic equations; but it may be proper 
to observe, that in equations of the form ax* + Ix—c where a 
is a small number, and in those of the form x* ±px=q where 
p is an odd number, Rulb II. will be found by far the most 
convenient, 

83. From the form in which the value of x is exhibited in 
each of these Rules, it is evident that it will have two values ; 
one corresponding to the sign +, and the other to the sign — , 
of the radical quantity. In the following examples, the positive 
values only of x are inserted at the end of the solution. 

Example 1. 

Let x'+ 8 x= 65. 

By Rule I. add the square of 4 [i.e. ~ ) to each side of 

the equation, then . . . a?* + 8x+ 16=65+ 16=81. 
Extract the square root of each side of the equation, then 

x+4=>/8)=9> 

andx=9— 4 = 5. 



(*+f,or) 



Ex.2. 

Let x*— 4x=45. 
By Rule 1. add the) t 

square of 2, i.e. 4, then $ ' ' ' * -4* + 4 = 45+4=49. 

Extract the square root, and («—;:* or] x — 2.= ^49 =7, 

and #=7 + 2=9. 

Ex.3. 
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Ex. 3. 

Let 3x*4-5x=42. 
By Rule II. multiply each 1 
side of the equation by i36x , -t-60x=504. 

(4a) 12; then J 

Add («■) 25 to each side3 36x . + 60a;+25=304+35=529 

of the equation, we have) 
Extract the square root of each side the equation, which 
gives (2a x+b, or) . % ..... . 6x+5=z ^529=23 

.\ 6x = 23 — 5=18 

and x= ^-=3. 
o 

Ex. 4. 
Let 7x 9 +20x=32, 

« 20x^32 

• • x -t* - — ~ - • 

Complete the Square by Rule I. 

thenx* + ™+™=™+ l ™=™ + *™=™ 
7 49 7 49 49 49 49 

8 



„ , 10 /324 18 

Hence x+—=\/ -z-~=ir 
7 V 7 7 



, 18 , 10 28 A 
and jc= — + — =3 — =4. 

7 7 7 

Ex. 5. 

LetV— 15x=— 54. 

By Rule II. mul-i • then 4x ._ 60x= _ 2l6 . 
tiply by 4 ... ) 

Add (Jf)l» to? d 4x ._ 60x+825 = 22 5- 2 l6=9. 
each side . . ) 

Extract the square root 2x— 15=±^9s=±3 ' 

.\ 2x=15±3=18 or 12 

and x=-j or -^ =9 or 6. 

Ex. 6. 
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Ex.6. 

Let 4JC 8 — 3o?=85. 

By Rule II. mul-" 
tiplyby 16, and 

add square of 3 >64x*~'46x + 9= 1360 + 9= 1369. 
to each side of 
the equation .J 

Extract the\ 8x-3 = v'l369=37 

square root J •'• 8x=37 + 3=4Q,or *=*?=:, 



Ex. 7. 



Let ±£- 11=1 

3 3 

Multiply by 3, then 4x*— 33 =x. 
By transposition .... 4x*—x =33. 
Multiply by 16, and add^ 

1 to each side of the >64x*—l6x+ 1 = 528+ 1=529. 
• equation (Rule II.) J 

Extract the square root, 8#— l = 4/529=23 

or 8a?= 23 + 1=24, 

and x=^=3. 
8 

Ex. 8. 
Let 5a? + 4#=273; 

andbyRuLBl. ^+i?+±=?Z! + ±=l^ 

5 25 5 25 25 



5 V £5 5 

. 37 2 35 _ 

and x= — — ~= — =7. 
5 5 5 



Ex.9. 



j; .1 
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Ex. 9. 

7 Q 

Let — - — h~=5. 
x+\ x 

Mult*, by x+ 1, then 7 + 2x + 2 =5x+5. 

. . . . by a; 7x+Qx+Q = 5x* + 5x. 

By transposition, 5x Q — 4 #=2. 

By Rule II. 100x , — 80a;+ 16=40+16=56. 

Extract the square root, lOx — 4 = */56 

and 10x= v /56 + 4=7.48 + 4=11.48 

11.48 , mAt% 

.\ x= =1.148. 

10 

Ex. 10. 
Let 13a? 9 +2x=60. 

Divide by l3,x'+?f=^2. 

13 13 , 

By Rule I. T 

add the square L« + gg + * -.60;. 1 _7 80 + 1 = 7 81 

ofl I 13 169 13 169 169 169 169 # 

is' J 

Extract the J i JL — v'? 81 _ 27*94 
square root 3 13*"" 13 """ 13 

,.,«,^-',ggt,^, 

13 13 

Ex. 11. 

Let 2#o? a — ca?=d. 
By Rule II. multiply! l6tv _ 8tcx+c , =8 ^ +c% 

by 86, and add c, J 

Extract the 1 _ ,— — — - 

. «, f 4lx— c=v8bd + c 
square root J 



•\ 4bx=z\/8bd + c*+c. 

\/8bd+c* + c 

or #= ; % 

Jtb 

Ex. 1 2. 
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Ex. 12. x*+12x = 108 x=6. 

Ex. 13. x*— 14x—5l x=17. 

Ex. 14. x* + 6bx=c % x=Vc* + gb*-3h. 

Ex. 15. 3x , +2x=l6l x=7. 

Ex. 16. 2x f — 5x=117 x=9. 

Ex. 17. 3x f — 2x=280 x=slO. 

Ex.18. 7x'— 20x=32 x=4. 

. Ex.19. 5x'+4x=273 x=7. 

Ex.20. 4x 9 — 7x=492 x=12. 

x* 

Ex.21. — -l=x+ll x=12. 

6 

CjX. aJs. — — "j-*»sss— ••••••... x == 3 or -J-. 

3x3 

Ex.23. --5s g . *=G- 

3 2 

Ex.24. — — + 2=3 x=2. 

x+l x 

Ex.25-. x"-34=fx x=6. 

Ex.26. - + £=5i x=25 or 1. 

5 x T 

Ex.27- -±-+*±±= l JL x=2. 

x+l x 6 

Ex.28. J^L-?Zi=x-9 .... x= 10. 
x+2 6 

Ex.29. x a — 6x+19=13 x=4.732 or 1.268. 

Ex.30. 5x'+4x=25 x= 1.871. 

Ex.31. 4ax*-bx=c '. x= b±W+l6ac. 

8a 

Ex.32. - + ~=~ x=l ±^l-a\ 

a x a 



U' 
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XXII. 

On the Solution of Questions producing Quadratic 

Equations. 

* 

84. In the solution of Questions whfch involve quadratic 
equations, sometimes both, and sometimes only one of the values 
of the unknown quantity, will answer the conditions required. 
This is a circumstance which may always be very readily deter- 
mined by the nature of the question itself. 

Question 1. 

To divide the number 56 into two such parts, that their 
product shall be 640. 

Let x=o?ie part, 
then 56— x=the other part, 
and x(56—x)=product of the two parts. 
Hence, by the question, x(56 — x)=640, 

or 56x— x'=640. 
By transposition, x*— 56x= — 640. 
Bycompletingthe^uare, ? ,_ 56x+784=784 _ 640=14 

^KULE I.J ) 

.\ x— 28 = ±\/l44=±12, 
and x=28± 12=40 or 16. 

In this case it appears that the two values of the unknown 
quantity are the two parts into which the given number was 
required to be divided. 

Question 2. 

There are two numbers whose difference is 7, and half their 
product plus 30 is equal to the square of the lesser number. 
What are the numbers ? 

Let x=the lesser number, 
then x + 7 = the greater number, 



x x (x -4- 7^ 
and r +30= half their product plus 30. 



Hence, 
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x(x *4" 7^ J 

Hence, by the question, 5 h 30 =x* (square of lesser), 

x*+7x 
or — h30=ar. 

Multiply by 2 . . . . x a -f 7x + 60= 2x\ 

By transposition ..... a; 9 — 7#=60. 

Multiply by 4, and add ? « 

49 (Rule II.) 54x-- 2 8x+49=240+49= 2 89, 

.*. Qx— 7 = ^/289=17 

2x=17 + 7 = 24, or #=12 fewer number; 
hence x+7 = 12-f7 = 19 greater number. 

Question 3. 

To divide the number 30 into two such parts, that their 

product may be equal to eight times their difference. 

Let x=the lesser part, 

then 30— x=the greater part, 

and 30— x— x or 30 — 2 x= their difference. 

Hence, by the question, a: (30— x)=8(30 — 2x), 

or 30x— x*=240 — l6x. 

By transposition, #*— 46x= — 240. 

Complete the square, ? 

/d t\ Jjf— 46tf+ 529=529-240=289; 

(Rule I.) J . "> 

.'. X— 23 = ± v/289= ± 17, 
and x=23 ± 17=40 or 6 = lesser part; 
30 — x = 30 — 6 = 24 = greater part. 

In this case, the solution of the equation gives 40 and 6 for 

the lesser part. Now as 40 cannot possibly be a part of 30, 

we take 6 for the lesser part, which gives 24 for the greater 

part ; and the two numbers, 24 and 6, answer the conditions 

required. 

Question 4. 

A person bought cloth for 33/. 155. which he sold again at 
2/. 8s. per piece, and gained by the bargain as much as one 
piece cost him 5 Required the number of pieces. 

Let 
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Let x= the dumber of pieces. 

675 

Then = number of shillings each piece cost, 

x 

and 48 x= number of shillings he sold the whole for; 

••. 4$x-675=what he gained by the bargain. 

675 
Hence, by the question, 48x— 675=-— . 

x 

By transposition > ,__225 _225 
and division, $ 16 """" 16 * 

Complete the ) 9 225 50625 _225 5t>625 65025. 
square, (Rule I.)) 16 1024 16 1024 1024 



• 225 / 
32 V 



65025 _ 25 5 
1024 ~" 32 ' 



andx= g5 *+ 825 =l5. 

32 

Question 5. 

^f and B set off at the same time to a place at the distance 
of 150 miles. A travels 3 miles an hour faster than B> and 
arrives at his journey's end 8 hours and 20 minutes before him. 
At what rate did each person travel per hour ? 

Let #= rate per hour at whieh B travels. 

Then #+3= , . . . ; A . , . . 

150 

And = number of hours for which J5 travels. 

x 



150 



JjL • * . * 



X+3 

But A is 8 hours 20 minutes (&f hours) sooner at his 

journey's end than B; 

u 150 . OI 150 
Hence _4-84.= , 

x+3 * x 

' 150 . 25 150 
or 1 — = . 

x+3 3 x 
By reduction, x* 4-3 x= 54. 

P Complete 
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Complete the square, a*+3x+?=54+?= ??? Rul* I.) ; 

4 4 4 



2 V 4 2 



1 5 —3 

and x=— =6 miles an hour for B 

2 

#+3=9 for A. 

Question 6. 

. Some bees had alighted upon a tree ; at one flight the square 
root of half of them went away; at another } ths of them; two 
bees then remained. How many then alighted on the tree? (B> 

Let 2x a =the'N° of bees; 

then x+!**£l+2=2x% 

9 
or 9x+ l6x*+ 18= 18x a ; 
.\ 18x*—l6x % — 9^=18, 
or 2a?*— 9x=18. 

(Rule II.) Multiply by 8, 

I6x a -72x=144. 
Add81;thenl6x f — 72x+81=225, 

or 4x— 9=15; 
.•• 4x=15+9=24, 

andx=— =6: .\2x*=72N°*>f bees* 

4 

Qu. 7. To divide the number 33 into two such, parts, that 
their product shall be 162. 

Answer, 27 and 61 

Qu. 8. 



(*) This question is taken from Mr. Strachby's Translation of the By* 
Ganitat and the several steps 'of the operation will, upon comparison, be 
found to accord with the Hindoo method of solution, as it stands in that 
Translation, page 62. 
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' Qu. 8. What two numbers are those whose sum is 29, and 
product 100? Answer, 25 and 4. 

Qu. 9* The difference of two numbers is 5, and ith part 
of their product is 26. What are the numbers ? 

Answ. 13 and 8. 

Qu. 10. The difference of two numbers is 6} and if 47 be 
added to twice the square of the lesser, it will be equal to the 
square of the greater. What are the Bueajjers ? 

17 and 11. 



Qu. II. There are two numbers whose sum is 30; and $d 
of their product plus 18 is equal to the square of the lesser 
number. What are the numbers ? 

Answ. 21 and 9* 

Qu. 12. There are two numbers whose product is 120. If 
2 be added to the lesser, and 3 subtracted from the greater, the 
product of the sum and remainder will also be 120. What are 
the numbers? Answ. 15 and 8. 

Qu. 13. A and B distribute 1200/. each among a certain 
number of persons: A relieves 40 persons more than JB, and 
B gives 5 J. apiece to each person more than A. How many 
persons were relieved by A and B respectively? 

Answ. 120 by A, 80 by B> 

Qu. 14. A person bought a certain number of sheep for 
120/. If there had been 8 more, each sheep would have cost 
J>im 10 shillings less. How many sheep were there? 

Answ. 40. 

Qu. 15. A person bought a certain number of sheep for 57/. 
Having lost 8 of them, and sold the remainder at 8 shillings 
a head profit, he is no loser by the bargain. How many sheep 
did he buy? Answ. 38. 

Qu. 16. 



J08 QUADRATIC EQUATIONS. 

Qu. 16. A and JB act off at the same time to a place at 
the distance of 300 miles. A travels at the rate of one mile 
an hour faster than B, and arrives at his journey's end 10 hours 
before him. At what rate did each person travel per hour? 

Answ. A travelled 6 miles per hour. 
B 5 ....... . 

XXIII. 

On Quadratic Equations having Impossible Roots. 

85. In the solution of the adfected quadratic equation, 
x*+px=zq (Art. 81.) the two values of x were shewn to be 

equal to -* r— * . If q be a negative quantity* and f£ 

less than 4 q 9 then the quantity p*— 4 q is negative, and etfti- 

sequently the quantity + \Sp*— 4 q comes under the description 
of the radical quantities mentioned in Art. 58. In this case, 
the two roots, or values of x, are said to be impossible. 

Ex. 1. 

Let a?*48*+31 —0, or x*-f8#= —31. 
Complete the square, (Rule I.) 

then x'-f 8x+ 16= —31 -f 16= — 15, 

and #-f4 = ±4/— lb 9 
ora:=— iiiv'— 15. 

Ex. 2. 
L*i jfc'-rlStf+SOttO* or #*- 12x=B — 50. 
Complete tftfe square, (Rule L) 

#•-16*?+ 36= — 50+£6a=~ 14, 
andj?-6=±v/ — 14; 



*\ x=6±v / — 14. 
Ei. 3. 

To divide the number 1 6 into two such parts, that their 
product shall be equal to 70. 

Let 
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Let x=one part, 
then 16— x= the other part. 
Hence x(l6—x) or l6x— x"=70. 
Transpose, and x a — l6x= — 70. 

Complete the square, 

x'-l6x+64=s —70+64= -6, 



.:x—8=±*S—6, orx=8;±V— 6. 



00 



Ex.4. 2x'+15=3x x=: 3:t:i/ 1U . 

4 

Ex. 5. 3X— ^X^sslO . . . .-. XsasB±-/ — 4. 

Ex. 6. To divide the number 20 into two such parts, that 
their product shall be 105 .... x=10±v/ — 5. 

XXIV. 

On the Solution of Quadratic Equations oftlieform 

af+paf—q. 

86. Let y=x», then (by Case III. Art. 67.) jf=x , "$ and 
substituting these valued for & n and a? in the equation 
x**+/>x n =9, it is transformed into j/ 9 +py=y, where the value 
of y may be determined by the foregoing Rules. Having the 
value of y, the value of x may be found; for x*=y, .\x= £/y. 
We are thus enabled to solve equations in which the unknown 
quantity is found only in two terms, (and where the index of the 
highest power is double the index of the lowest), like common 
quadratic. 

Ex. L . 



(•) It is very well known that the greateM product which can arise from 
the mttltiplication of the two parts into which any given number may be 
divided, is when these parts are equal: the greatest product therefore, 
which could arise from the division of the number 16 into two parts> is 
when each of them is 8 ; hence, in requiring " to divide the number 1G 
into two such parts that their product shcruld be 70/' the solution of the 
question is impossible, * 
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Ex. 1. 
Letx 4 — 6x f =27. 
Ifx a =y, ? 
thenx<4' S "f-**—*- 

By Rule I. y a -6y + 9=«7 + 9=36, 
and y— 3=^36=6, 

or y=6-f 3 = 9- 
But since x*=y, x=yfy, .'.x=4/9=3. 

Ex. 2. 

Letx 6 — 2x s =48. 
These equations are often solved by the common Rules, 
without the formality of substitution ; thus, 

Complete the square, (Rule I.) x 6 —2x*+ 1=48 + 1=49. 

Extract the root x* — 1 = -/49 = 7, 

.\x , =7 + l = 8 
x= «*/8=2. 
Ex. 3. 

Let 2 x— 7 V^= 99- 

then W* J" 2y " 7S,= "' 
By Rule II. l6y a -56y+49=792+49=841, 

and 4y— 7 = ^/841 = 29, 

or4y=29 + 7 = 36, andy=9; 
.*. x=y f =81. 

Ex. 4. 

To resolve the number a into two such factors, that the sum 
of their nth powers shall be equal to b. 

Let x = one factor (a) 9 

then - =the other factor, 
x 

Hence 

<*) By factors are here meant the two numbers which being mul- 
tiplied together j&hall generate the given number; if therefore £=one 

factor, 2 .« fa. the other fetor, tor « X *=«. 
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0" 

Hence «•+— =6, 
a? 

or & m +a*=bx*; 
••• x*"— 6x"=--a\ 

By Rule II. 

4X*"— 4 iff" +6*= 6*— 4 a", 



and 2#"— 6=^6* — 4a*, 

or 2a?=*+ x /V-4a", and a-=*±^ZE±^. 



2 



.:x=\/ 



A + V6*— 4 a" 



2 

Ex.5. ff 4 +4X a =:12 Xs^/S. 

Ex.6. X 6 — 8x 3 =513 X=3. 

Ex.7. 2a: 4 — x , =496 x=4. 

Ex. 8. To resolve the number J 8 into two such factors, that 
the sum of their cubes shall be 243 (See Ex. 4.) 

Answer, 6 and 3. 

XXV. 

On the Solution of Quadratic Equations containing 

Two unknown Quantities* 

The solution of equations with two unknown quantities, in 
which one or both these quantities are found in a quadratic form, 
can only, in particular cases ( b ), be effected by means of the 

preceding 



C) The most complete form under which quadratic equations containing 
two unknown quantities could be expressed, is this, 

aa* + 6y , + CJry + rfj?+*y=rm 
dx* + fry* + c'xy + d>x + «V = »•'; but the general so- 
lution of these equations can only be affected by means of equations of 
higher dimensions than quadratics. 



€( 

it 
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preceding Rules. Of these cases the two following axe very 
well known. 

Case I. 
87* " When one of the equations by which the values of 
" the unknown quantities are to be determined, is a simple 
" equation;" in which case, the Rule is, "to find a value of one 
" of the unknown quantities from that simple equation, and 
" then substitute for it the value so found, in the other equa- 
tion ; the resulting equation will be a quadratic, which may 
be solved by the ordinary Rules/' Thus* 

Let ax+by=c )be the two equations, in which the values 
a'x* -f b'xy + c'y* =?d $ of x and y are to be determined. 

From the 1st equation #= ^. 

a 

Substitute this } ' c— by * cv— 6?/ a 

for x in the V then a (— ^) + *'( V a J ) +*V=i, 
2d equation, ) 

a'c'-Qa'bcy+a'by , b'cy-bb'y* , , , , 
a a 

which reduced is (a'b*—abb'+'d t c')y* + (ab'c--Qa'bc)yz=a*d-dc t t 
a common quadratic equation, from which the value of y may 
be founiL 

Ex. 1. 

Let x+2y=7, > tQ find ^ value8 ofxMd „ 
and x*+3xy— y =23$ * 

From 1st equation, x=7 — 2y, .*. #"=49— 28y + 4y*j 
Substitute these values for x and £* in the 2d equation, 
then 49 — 28y+4y f + 2ly— 6y*— y*=23, 

or 3y 9 +7y=49~ 23 = 26. 
By Rule II. 36y*-f*84y+49=3i2+49=a6l, ; 

.\6y+7 = 19 

6y=19-7 = l2, ory=2 
x=7-2y=7-4 = 3. 

.£jXt 2* 
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Ex.2. 



3 >to find the values of x andy. 

and 3xy=QloJ 

From 1st equation, 2x+y*zQ7 ; 

.\ 2#=27 — y y 

and x=— — *. 

2 

Hence, 3#y*=3 x - y xy=2lo, 

or 3 x (27 — y) xy =420 
81y— 3y*=420 
s ?y~" y a =140; 
ory* — 27j/==— 140. 
ByRutB II, 4y a -108y + 729=729-560=l69; 

27 4- 13 
.'. 2 j/ — 27 = 13,or^=_LZ =20, 

2 

andx= =3i. 

2 2 

Ex. 3. 
There is a certain number consisting of two digits. The left- 
hand digit is equal to 3 times the right-hand digit; and if 12 
be subtracted from the number itself, the remainder will be 
equal to the square of the left-hand digit. What is the 
number? 

Let x be the left-hand digit, } then, by Art. 68, \Ox+y is the 
and y the other ; 3 number. 

Hence, a?= 3y> . ^, 
. w by the question: 

and lOx+2/— 12=x 5 J ^ 

.'. by sub "C30y +y— I2 = 9y% (for 10#=30y, and tf*=9y*)t 

9y a -31y=-12; 

, 3) 12 



y 9 y 9 



% 
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„ n T , 31 061 961 19 961—433 529 

By Rule Ly ?/+- — = =- = — -• 

J ,y 9 J 324 324 9 324 324 

„ 31 23 54 „ 

Hence, y - = — : ory=s — =3, 

,:f 18 18* * 18 

x=3y=9; 
and consequently the number is 93. 

" * , %"" > to find the values of x and y. 

205 +xy — 51/ =203 9 

Answer, x=5, y=3. 

Ex. 5. There are two numbers, such, that if the lesser be 
taken from three times the greater, the remainder will be 35 ; 
and if four times the greater be divided by three times the lesser 
plus one, the quotient will be equal to the lesser number. 
What are the numbers ? Answ. 13 and 4* 

Ex. 6. What number is that, the sum of whose digits is 15 ; 
and if 31 be added to their product, the digits will be inverted? 

Answ. 78. 

Case II. 
88. When x* 3 y% or x y } is found in every term of the two equa- 
tions, they assume the form of 

ax* + bxy + cy*=d, 

ax 9 + b'xy + c'y* = d' ; and their solution 
may be effected in the following manner. 

Assume x=zvy, then x*=v*y 9 ; substitute these values for 
x* and x in both equations, then we have 

avy + bvy* + cy*=d, ory'=- t — -(A) 

av +vv +c 

avy+b'vy*+c'y°=d', or/=-^-^^,(B). 

TT d d! 

Hence — j-— = , 

av +bv + c av +0v + c 
or (a'd—ad')v k +(b'd—bd , )v~cd'—c , di which is a quadratic 
equation, from whence the value of v may be determined. Having 

the 
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the value of v, the value of y may be found from either of the 
equations {A) or (B); and then the value of x, from the equa- 
tion x=vy. 

Ex. 1. 

Let Qx* + 3xy +y a =20 

Assume x=vy, then 2t/V +3 vy* +v*=20, or v*= — = — — . 

* . r * * * 2i/ , + 3i/+r 

and5vy+4tf=41, ory*= f* » 
Hence 20 41 



2t/* + 3t/+l 5tf+4* 
which reduced is, 6v tt — 41v= — 13; 

. i_41y _13 
6 6* 

17 ^ 6 144 144 

41 ±37 41+37 13 1 

.•.v— — = : orv= — -•- ■■ ' = — or -♦ 

12 12 12 2 3 

t * * *u • 41 41 369 A * 

Lett^theny "TO'F*" "^ ' • or »" 3 ' 

x=vy=yX3=l 

Ex. 2. 

What two numbers are those, whose sum multiplied by the 
greater is 77 ? and whose difference multiplied by the lesser 
is equal to 12 ? 

Let x= greater number, 
2/= lesser. 

Then (ar+y)xx=x a +xy=77> 
and (x— y) x y=xy—y*= 12. 
Assume x=vy; 

Thent>y+i;y 9 =77,l ory9= i?T^ 5 

andt/y*— y'=12 f « 12 
* * J ory= -. 

v — 1 

Hence, 



lie 
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u 12 77 

Hence, --7-^+7, 

•or l2i/ 9 +12i;=77i> — 77; 
which gives v -7^= - — 
_ . 65 4225 529 



65±23 88 or 42 11 7 



v= 



= ~ or ~« 
3 4 



24 24 

Either value of 1/ will answer the conditions of the question; 

7 12 12 48 _48 ' 

but take v=~; then y = JITT^^^T" 7^=4 — i""~ ' 

and y=4, 

7 
a?=t/y=-X4 = 7- 

Hence, the numbers are 4 and 7. 

Ex. 3. Find two numbers, such, that the square of the 
greater minus tfye square of the .less may be 56; and the 
square of the lesser plus^d their product may be 40. 

Answer, 9 and 5. 

Ex. 4. There are two numbers, such, that 3 times the 
square of the greater plus twice the square of the less is 1 10; 
and half their product plus the square of the lesser is 4. What 
are the numbers ( a ) ? Answ. 6 and 1. 

XXVI. 

On the Solution of certain Equations, in which the Two 
unknown Quantities (x and y) are similarly involved. 

89. Let x and y be any two numbers, of which x is the 
greater, andy the lesser; Jet x'+ysz2s 9 x— yszQz; then, by 
Art.28, #=$ + «, andy =.?—«. Now let #*+#*=: a, x 3 -f-y 3 =#, 
# 4 +y 4 =c, anda^+y 5 =d; then the values of x and y may be 

found 

(*) For a great variety of questions relating to quadratic equations which 
contain two unknown quantities, see Bland's Algebraical Problems, 1819. 
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found in terms of the known quantities s, a, I, c % d> in the fol- 
lowing manner. 

y* = (s — z)*=zs* — 2 SZ + Z* ', 

•\ by addition, 

x*+y\a)=2s* + Qz\&ndz*=^^orz = \/^ 



— 2^ 



Hence 



x=*+y/fLl*£ and y=s-y/ a -* s \ 



II. X 3 = (5 + «) 3 = 5 3 + 3 5 a « + 35« a + X 3 
y 3 =(5— x) 3 =5 3 — 3/«4-35« Q — x 3 ; 

- x 3 +j/ 3 (i)=2^ 3 +6^ 9 ; and» 9 =^=^- 3 , or * = y/*r_*£ 



Hence x=:s + \/ ^~ 25? ,andy=s— \/— — . 

V fie V fie 



65 V 6s 

in. a; 4 =(5+«) 4 =5 4 +45 3 x + 65V + 4,y« 3 4-* 4 , 
y 4 =(5-x) 4 =5 4 -45 3 « + 65V~4 5x 3 + x 4 ; 
-\x 4 +y 4 (c) = 2,s 4 -f-12,sV-f-2a; 4 is a quadratic equation from 

which the value of x may be found. 

iv. x s =z(s-\-z) s =s s -^5s 4 z+lOs 3 z 9 +\Os 9 z 3 '\'5sz* + z s , 

# 5 =(s— %) 5 =5 5 — 5 s 4 z + 10 s*z* — lOsV + 5,?*; 4 — z 5 ; 

.\x 5 +y 5 (d)=2s 5 + 20,sV+10sa; 4 is a quadratic equation 

from which the value of * may be found ( b ). 

90. Let 

m ■ ' ■ ■ — — — ■ ■ l-l » ■! ■ — ^» . ■ ■■■! ■ II ■ » ■■!!■■ M | _ ■, | , — » | ■ ,^ i^^» 

(b) In reviewing these operations, it may be observed, that those terms 
where the index of z is an odd number destroy each other in the successive 
series ; hence if the operations had been continued to x 6 +y 6 and x 1 -\-y 7 9 
the resulting equations would have been equations of six dimensions in a 
cubic form ; if they had been carried on to j^+y 8 and x 9 -\-p 9 the resulting 
equations would have been equations of eight dimensions in a biquadratic 
form. Hence the Problem of " Given the sum of two numbers, and the 
sum of their nth powers, to find the numbers themselves," may be solved 
as far as the 9th power, by means either of quadratic, cubic, or biquadratic 
equations. 
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90. Let x+y=2s and x— y = 2z as before, and let 

-+^=a'; 5 +£-=/,'; €+£-<f im &-+L--g l then, by 

y a? y x ' y x y x 7 * J 

means of the equations in the preceding article (89), the 
values of x and y may be found in terms of the known quan- 
tities, S, (i', l'y c\ d'. 

i. -+-=a, .•.x*+y*=zdxy=a'(s+z)(s—z)=sa , '(£ — «*)• 

ButbyCASEl.(89).x , + j/ 9 =25 , + 2x«; 
Hence a's* — a V = 2 5* + 2 « a , 

and * =-7Ti~ or g= V"7T^ * 



By Cash II. (89). a?+if=2f + 6sz 9 ; 



and » =TT6T' oraj =V T+aT- 



Hence x=s+ \/%r-^-, and y = s -y/%-^ . 



x 3 y 3 
111. — + — =^ .\x 4 +y 4 =c'xy:=c'(s 9 — «*). 



By Case III. (89).x 4 +y 4 =2$ 4 + l2$V + 2s 4 $ 

Hence c (5* — **) = 2 $ 4 + 1 2 sV + 2 z 4 is a quadratic 
equation, by which the value of z may be found. 

IV. 
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, v . ^+^=d', .:a? + if=drxy=dr(S-z 9 ). 

y x * J 

By Case IV. (89.) # 5 +# 5 =2$ 5 + 20*V+ 10s* 4 ; an( j ^ 
equating these two values of x 5 + j/ 5 , there arises a quadratic 
equation by which the value of z may be determined. 



91. Letx-f2/=$, and xy=p; then the sums of the several 
power of x and y may be found in terms of the known quan- 
tities p and s y in the following manner. 



i. x*+Qxy+y*=zs l ; 

.'. a? , +y a =5 a — 2xy = ,y 9 — 2/>. 



if. (x'+^)(x+y)=(s*-2/>)$, 
or a?+y* + xy(x+y)=s? — Qps, 
i.e. af+y^+ps^s'—Qps; 
,\x* + y 3 =s 3 —3ps. 

in. (x'-fY) (x+y) = (5 s + 3p5)5, 
orx 4 +y 4 +xy(x*+y*)=s 4 — 3ps* 9 
i.e. x 4 +y 4 +p (s*—2p)=s 4 —3ps*; 

.\x 4 +# 4 =.s 4 -4p$ a + 2p\ 

iv. (x 4 +y 4 ) (x+30=(y 4 --4/>$ a -f 2/>>> 
orx 5 +y 5 +xy(;c 3 + 2/ 3 )=$ 5 —4p.5 3 +2p , $, 
i.e. x 5 +y 5 +p(/— 3ps)=$ 5 — 4p$ 3 -f 2p 9 i; 

.-. x^y 5 ^ 5 - 5ps? + 5p*s. 

^7Z — 3^ 

or in general x"+y"=5"— nps n ^ x + m ^V -4 — &c. 

Ex. 1. 

The sum of two numbers is 6, and the sum of their fifth 
powers is 1056; What are the numbers? 

This Example belongs to Case IV. Art. 89, where 5=3, and 

d= 1056. 

The 
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* 

The equation to find the value of % is 
Qs s +20s i z*+10sz*=d, 
or486 + 540fc* + 30£ 4 =1056; 
Divide by 6, 81 + 90** + 5.r 4 =176; 

•\* 4 +18s 9 =19. 
By Rule I. * 4 +l8z 1l +8l = iOO, 

ors a + 9=l0; .\z*=l, and»=l. 
Hence x=,s + « = 3 + 1=4, 

y=5— »=3 — 1 = 2. 

Ex. 2. 

There are two numbers whose sum is 1 8, and the square of the 
greater divided by the lesser plus the square of the lesser divided 
by the greater is 27 > What are the numbers ? 

In Case II. (90). .9=9, and i'=27; hence *= 

V b+6s. V 27 + 54 V 81 
5+3=9+3=12, andy=s— z=9 — 3 = 6; and the two num- 
bers are 12 and 6. 

Ex. 3. 

The sum of two numbers is 5 (s), and their product 6 (p); 
What is the sum of their 4th powers ? 

By Case III. (Art. 91.) x 4 + j/ 4 =.y 4 -4ps a +2/> a =625-600 
+ 72 = 25 + 72 = 97. 
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CHAP. VI. 

ON RATIOS, PROPORTION, AND VARIABLE 

QUANTITIES. 



XXVIL 

Definitions. 



92. Bit Ratio is meant the relation which one quantity 
bears to another, with respect to magnitude. It is evident 
that this relation can exist only between quantities of a similar 
kind ; thus, a number must be compared with a number; a line 
with a line; &c &c; and it would be absurd to compare 
a certain number of feet with a certain, number pf powds} 
&c» &c. 

93. There are two ways in which the magnitude of quantities 
may be compared. In the first place, they may be compared 
with regard to their difference \' and then the question 
asked, is, " How much one quantity is greater or less than 
another." The relation which quantities bear to each other 
in this respect, is called their Arithmetical Ratio. The other 
way in which they may be compared, is, by inquiring * How 
often one quantity is contained in the other." This relatiott 
between quantities is called their Geometrical Ratio, The terni 
ratio, When simply applied, is generally understood in the latter 
sense; and it is in this sense that the word will be made use of 
in the present Chapter. 

94. In considering how often one quantity is contained in 
another, the natural process is to divide the one by the other. 
Thus, in comparing the number 12 with the numbers 4 and 3, 

R we 
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we know that 4 is contained in 12 three times, and that 3 is 
contained in the same number four times; from which we infer 
the ratio of 12 : 3°° is greater than the ratio of 12 to 4, the 
magnitude of a ratio being measured by the number of times 
one quantity is contained in another. For the same reason, 
the ratio of 1 1 : 7 is said to be less than the ratio of 11:5. 
When a ratio is thus expressed, the first term of it is called 
the antecedent , the last term the consequent, of that ratio. 

95. From this mode of estimating the magnitude of a ratio, 
it appears that when the consequent of a rqtio is not an 
aliquot part of the antecedent, the value of the ratio must be 
expressed by & fraction, whose numerator is the antecedent, and 
denominator the consequent of that ratio. Thus the magnitude 

of the ratio of 15 : 7 is expressed by the fraction — , and of 

4 7 

the ratio 4 : 13 by the fraction — • When the antecedent of a 

13 

ratio is greater than the consequent, it is called a ratio of greater 
inequality; when the antecedent is less than the consequent, 
a ratio of lesser inequality; and if the two terms of a -ratio be 
the same, then it is said to be a ratio of equality. 

96. The foregoing definitions evidently apply . to those 
instances only, in which the consequent of a*ratio is contained 
a certain number of times in the antecedent, or in which the 
magnitude of the ratio may be expressed by some defiuite 
fraction. It does not therefore comprehend such ratios as 
^2:5; a/3: ^7; 4:^1; &c.&c.j where the values 
of the quantities ^2, v% \/7 &c can only be expressed in 
decimal fractions which do not terminate. The ratio which 
exists between quantities of this latter kind, when the radica 

quantity 



(■) la expressing the ratio of two quantities, the word " to" is generally 
supplied by two dots j thus, the ratio of "a to b " is expressed by " a i k" 
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quantity is expressed by a decimal fraction, is called their 

approximate ratio. 

97. Proportion consists in the equality of ratios; thus, since 
4 is contained in is, the same number of times that 6 is in. 18, 
the ratio of 12 : 4 is said to be equal to the ratio of 1 8 : 6, or, 
in other words, that 13 : 4 :M8 : 6.<* Of the four terms of 
which every proportion consists, the first and last terms act) 
called the extremes, and the second and third the means of that 
proportion* 

98. If there be a set of quantities related together in the) 
following manner, viz. a: b :: b :c::c:d::d:e, &tc. wheri 
the consequent of every preceding ratio is the antecedent of th6 
following one, then the quantities a, 6, c, d 9 e, &c. are said to 
be in continued proportion ; and if only three quantities ft* 
concerned, as in the proportion a : b : : b : c, then b is said to 
be a mean proportional between the two extremes a and c. 

99. Since the proportion a:b::c:d expresses the equality 
of the ratios a : b and c : d; and since the magnitude of the 

ratio a: bis measured by the- fraction r , and that of the ratio 

o 

cidhy the fraction -, it follows that r = f , or, " that when 

d b a 

" four quantities are proportional, the quotient of the first 
" divided by the second, is equal to the quotient of the third 

" divided by the fourth f and vice versa, if " there be four 

a c 
« quantities a, 6, c, d, such, that r=-j> then those four qupn- 

*? titles are proportional, or a : b : z c : rf." 

xxvni. 



, ( b ) In stating a proportion, the words " is to* 9 and " to" are generally 
supplied by two dots, and the words *' j» is" by four dots $. thus, the ppa* 
portion* "• U to i so if e to •%" is expressed by "a : b z : e : 4." 
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XXVIII. 

On the Comparison and Composition of Ratios. 

100* On the comparison of Ratios* 
' i. Since the ratio of a : ft may be expressed by the traction 
7, let tt\e numerator and denominator of this fraction be 
multiplied by any quantity m (m being either integral or frac- 
tional), then — 7=79 and •*. the ratio of ma: ml is the same 
mb b 

with the ratio of a : b ; from which we infer, that €i if the terms 
** of a ratio be multiplied or, divided by the same quantity, it 
5Sdo$8.not alter the value of the jratio." From hence also it 
appears, that & ratio is reduced to its lowest terms by, dividing 
it* antecedent and consequent by their greatest common m,ea£Ui$» 

U. €C Ratios are compared together by reducing the frap-i 

« tions by which their values are respectively represented, to a 

& common denominator." Thus, the ratio of 8 : 5 is repre- 

8 9 

sented by the fraction ~, and the ratio^ 9 : 6 by the fraction 2$ 

5 6 

reduce these fractions to others of the same value having * 

common denominator, and they become — and — respectively) 

pxid since — is greater than — / the ratio 8:5 is greater than 
30 ° 30 °* 

the ratio of 9 : 6. 

111. "A ratio of greater inequality is diminished; ancta Taifa 
^ of lesser inequality is increased^ by adding the same quantity 
<* to both its terms/* Let a + b: a represent a ratio of greater 
inequality^ and let x be added to each of its terms, and it 
becomes the ratio of a + b+x:a + x. Now the ratio of 

tf+fl :a=:2sL., and that of .a + b+x: a+x= a+ + ^ ; let 

a . " - a+x 

these fractions be reduced to others of the same value having 

a common 
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a common denominator, and they become a + ab + a x+bx 

a(a+x) 

.tf+al+ax . . . 

and — respectively; and since a +cr b + ax+bx is 

a(a+x) ' 

evidently greater than a' + afl + ax, the ratio of -a + b: a is 
greater than the ratio of a+b+x: a+x; i.e. the ratio of 
a+b : a has been diminislved by adding a? to each of its terms. 
Next, let a—b : a represent a ratio of lesser inequality; then 

proceeding with the fractions and """ '*~ x 9 as in the 

a a-fx 

former instance, the resulting fractions are — + a x ' — x 

a(a-f#) 

and ; r-r-: and since a Q — at + ax — #x is less than 

a(a + ) 

a* — «#-f-ax, the ratio of a — b : a is less than the ratio of 
«— fr+x : a -f x, and consequently the ratio of a — J : a has been 
increased by adding x to each of its terms. In the same manner 
it might be shewn that " a ratio of greater inequality is fw-» 
€C creased, and a ratio of lesser inequality is diminished^ by 
<* subtracting the same quantity from each of its terms." 

101. On the composition of Ratios. 

I. Ratios are compounded together by multiplying their an- 
tecedents together for a new antecedent, and their consequents 
together for a new consequent. Thus, if the ratio of a \b be 
compounded with the ratio of c : d, the resulting ratio is that 
of ac : bdy or if the ratios 4:3; 5:2; and 7:1, be com- 
pounded together, there results the ratio of 4X5X7:3X2X1, 
6r of 140 : 6, or (dividing each term by 2) of 70 : 3* 

II. \f the same ratio be compounded with itself once 9 twice, 
thrice, &c, the resulting ratios are those of a* : fl a ; a 3 : b* ; 
a* : A 4 , &c. &c. The ratio of a* : V is called the duplicate 
ratio of a : b ; a 3 : b 3 the triplicate; a 4 : J* the quadruplicate ; 
&c.&c. ; and as these ratios receive their denominations from 

the 
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the indices of the several powers, of a and b 3 the ratio of 
s/a : %/b is called the subduplicate ratio of a : b ; the ratio 
of J/>a : ^/&» the subtriplicate ; &c. &c. 

in. " If a set of ratios, whereof the consequent of the pre- 
" ceding ratio is the same with the antecedent of the succeeding 
" one, he compounded together, the resulting ratio is that; of 
" the first antecedent to the last consequent." Thus, when the 
ratios of a: b; b : c ; c : d; die; &c. are compounded to- 
gether, the resulting ratio is that of abed &c. ; lede &c. or 
(dividing by bed) that of a : e or of the first antecedent : tb*f 
last consequent. 

i v. " A ratio of greater inequality compounded with another 
" ratio, increases it; and a ratio of lesser inequality com-* 
" pounded with another ratio, diminishes it." Thus, let 
I -f » : 1 represent a ratio of greater inequality, and let it be 
compounded with the ratio a : b 9 the resulting ratio is that of 
a+na : b, which is evidently greater than the ratio of a : I j 
on the other hand, let 1— n : 1 represent a ratio of lesser in- 
equality, and let it be compounded with the ratio of a : b, then 
the resulting ratio is that of a—na : b, which w evidently 
less than the ratio of a : b. 

Examples. 
Ex. 1. Reduce the ratio of 360 : 315, and 1595 : 667, to 
their lowest* terms. 

Ex.2. Reduce the ratio of a* + 2 a*x : a* to its lowest terms. 

Ex. 3. Which is the greatest, the ratio of 16 : 15, or that of 
17 : 14? 

Ex.4. Which is the least of the three ratios, 20 : 17? 
22 : 18, or 25 : 23 ? and which is the greatest of the three 
ratios 8 : 7 ; 6 ; 5 ; and 10 : 9 ? 

Ex. 5. Which is the greatest, the ratio of a+2 : Ja+4, or 
that ofa+4 : ja + 5? 

Answer, The ratio of a+4 : ja+5. 
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Ex.6. Compound together the ratios of 11 : 3, 7:2, and 
5 : 9. Answer, 385 : 54. 

Ex. 7. Compound together the ratios of 15 : 12, 6 : 7, and 
9:4; and then reduce the resulting ratio to its lowest terms. 

Answ. 135 : 56. 

Ex.8. Express in the simplest terms the ratio compounded 
of a*— x* : a% a+x : #, and I : a— x. 

Answ, (a+x)* : a\ 



Ex.9. If (he ratios of a? + y : a, a?— y : £, and £ : £_, 

be compounded together, shew that the resulting ratio is a ratio 
of equality. 

Ex.10. If the ratios of 3a+2 : 6a+l f and of 2a+3 
: a+2, be compounded together, is the resulting ratio a ratio 
of greater or lesser inequality ? 

Answ. A ratio of greater inequality. 

Ex. 1 1. What are the least numbers in the ratio compounded 
of the three following ratios, viz. the ratio of 7 • 5, the duplicate 
ratio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

Answ. 14 and 15. 

Ex. 12. Compound the subduplicate ratio of x* : y% with 
the quadruplicate ratio of */x : \/y. 

Answ. x 3 : y\ 

XXIX. 

On Proportion. 

102. The most useful Theorems relating to proportional 
quantities are the following. 

Th. 1. "If four quantities be proportional, the product of 
" the extremes will be equal to the product of the means ;" for 

let 
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o. a 

let a : b :: c : d, then, by Art. 99, 7 =-w .% adsslc* 

a 

From hence also it follows, " that if any three terms of a pro- 
portion be known, the fourth may be found ;" for, from the 

. ■, , , be , ad ad . 

equation aa — i>c, we have a= -- ; 0= — ; c=-t-j and 

a 

Th. 2. The converse of the foregoing Theorem is also true; 

viz. " If the product of any two quantities be equal to the 

" product of two others, those four quantities will constitute 

" a proportion, provided that the terms of one product be made 

" the means, and the terms of the other product be made the 

" extremes, of such proportion." Thus, if the four quantities 

«T, V, c, d' be such that dd'=b' t 9 then (dividing by b* d) 

a c' 

r ,:= T/ > •'• hy Art. 99, a : U ::<?': d\ 

if a 

Th. 3. " If three quantities be proportional, the product of 
u the two extremes is equal to the square of the mean ;*' for, if 
a 1 b :: b : c, then, by Thbor.2, ac=b*. From hence also it 
follows, that " a mean proportional between any two quantities 
is equal to the square root of their product;" for let x be 
a mean proportional between a and c 9 then a : x : : x : e, 
.\ x*~ac, and x=.*Jac. 

Th . 4. u If four quantities be proportional, they will also be 
proportional, when taken inversely or alternately ;" thus, if 

a : b :: c : d 9 then -7 = -:; invert the fractions, then -=- 

b a a c 

•\ b : a : d : c. Again, since ad=bc, then (dividing by c<f) 

, ad be a b 1 j * 1 j - 

we have — 1== - 7 , or -=- : .•. a: c :b :d 3 and : a ;: a : -c. 

cd cd c a 

Th.5. u If there be six proportional quantities, and the 
" first be to the second as the third to the fourth; and the third 
" to the fourth as the fifth to the sixth 3 then will the first 

"be 
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u be to the second as the fifth to the sixth." For let a : h : : c : d, 
and c:d lie: f; then ~=s -; and -,=>; •'• 7=7, or by 
Art. 99, a: I :: e :f. 

Th. 6. " If four quantities be proportional, then the sum 
" or difference of the first and second will be to the second 

€€ as the sum or difference of the third and fourth is to the 

a c 
" fourth." For let a : b : : c : d, then r = - ; add or subtract 

b a 

1 from each side of the equation ; then - ± l =-± 1, .'. ^=£- 

b a 

c + d 
=-=— > consequently, by Art. 99, a + i : i : : c±d : d. 

a 

Th. 7- " If four quantities be proportional, the first is to 
" the sum or difference of the first and second, as the third to 
4C the sum or difference of the third and fourth," For by 
Theor. 6, a±b : i : : c i d : d, and alternately a± b ic±d 
: : I : d; but by Theor. 4, J : d : : a : c\ hence, by Theor. 5, 
a±i : c ±d : : a : c, and alternately a± b : a : : c ± d : c, 
.'. inversely a : a±i : : c : c±d. 

Th. 8. " If four quantities be proportional, then the sum 
" of the first and second is to their difference, as the sum of 
" the third and fourth is to their difference." For by 

Theor. 6, = - , and — -~ =— -y- ; invert the two last 

b d b d 

- ^s • . i d , fl + i £ c-f d d 

fractions, then r = — -z\ hence — — x - — ; = — ^ x 



a— £ c— d £ a— b d c—d y 

or fL±*=^±L^ ; .-. by Art. 99, a + b : a-b : : c + d : c-d. 
a— A c— d 

Th. 9. " If four quantities be proportional, and any equi- 
" multiple or equal parts whatever be taken of the first and 
" second, and also of the third and fourth ; then will the 
" resulting quantities, taken in the same order, be still propor- 
•' tional." For let a : b : : c id\ then, by Cask I. Art. 100, 

S the 
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the ratio of tf! a : 77t J is the same with the ratio of a:b; arid 
for the dame reason, the ratio of nc : n d is the same with the 
ratio of c:d; hence (Art. 97) ma: mliinc : nd, where m 
and 72 may beany quantities whatever, either integral or frac- 
tional. 



€< 



Th. 10. The same theorem is true " if any equimultiple or 

equal parts whatever be taken of the frst and third, and also 

«• • 
a c 
u of the second and fourth ;" for since ?=-}> multiply each 

•j r ., .. , 7W ,, ma mc 7 

side of the equation by — , then — - = — „ .\ mainv 

n nb nd 

: : mc : nd 9 where m and tt may be any quantities whatever, 
either integral ox fractional. 

Th. 11. "If four quantities be proportional, any powers or 

roots of those quantities will also be proportional." For since 

a c . a* c n . 7 , , 

■7=-,, we nave --=: — , .\ a* : 0* : c* : d\ where w may be 

id b n d n * 

any number eithei integral or fractional. 

Th. 12. " If the corresponding terms of two sets of pro- 
" portionals be multiplied together, or divided by each oilier, 
" the resulting quantities taken in order will still be propor- 
tional." Thus let 

ax I :: c:d | then- = - 

an d > > hence -? = — or ae : bf: :ca : dh. 

Again, byTH. I, ad=bc 9 and eh=fg ; .\ — rz-^; hence, 

t m o A b C d 

e f g h 

Th. 13. " If there be two rows of proportional quantities; 
" whereof the second and fourth of the first row are the sitae 

" with 



PROPORTION. 



131 



" with the Jirst and third of the second row, then will the 
"remaining quantities, taken in order, be proportional 3" 
thus, let a : b : : c : d 

and b:e::d:f, then by Theor. 12, ab : hewed : df 
or (reducing each ratio to its lowest terms) a:e::c :f This is 
the ex cequali proportion of Euclid, 



Th. 14. "If there be a set of proportional quantities, 
" a : b :: c:d:: e:f::g: h &c.&c, then will the first be 
" to the second as the sum of all the antecedents to the sum of 
" all the consequents" 



For a : b 
and alternately, a : c 
Hence by Theor. 7, a : a+c 
. \ alternately , a : b 

1 ■ » T 



Again, a 1 b 
.•. byTHEOR.5, a+c : A-fd 

alternately j a + c : e 
By Theor. 6, a + c+e : e 
.Kalternately^a+c+e : 4 + i+/: : e 

But a : b 
.\ a : b 



s: c 


:<f, 


::6 


:d. 


::b 


: b+d; 


::a| ( 


. b+d. 


:: e 




:: e 


:/» 


:: 6 + d 


'/. 


::4 + d-f/: 


/; 


:: e 


=/• 


:: £ : 


/; 


:: a + c+e : 


*+<*+/} 



And so on for any number of these proportions. 



Th. 15. " If there be a set of quantities, a, b, c, d } e y &c f 
iti continued proportion; 



" then a : c : : a* : 4 a , or in the duplicate ratio of a : 4 j 
" a : d :: a 3 : 6 3 , or in the triplicate rat jo of a : b; 
" a : e :: a 4 : A 4 , or in the quadruplicate ratio of a : 6;" 

&C&C.&C&C. 

For, 



132 PROPORTION. 

For, Art. 98, a : b :: b : c :: c : d :: d : e :: &c.&c. 

• •. a : b :: b : c; 
and by Thbor. 1 1, a 9 : b % :: i* : c\ 
But by Theor. 3, £ 9 =a c; 

.*. a* : £ 9 :: ac: c% 

:: a : c, or a : ci: a 9 : b\ 

Again, a : c : : a* : J 9 , 

but c :d :: a : b; 

• \ by Thkor. 12, a : 5 :: a 3 : i 3 . 

■ ' ■ ■ ■ 

Moreover, a : d : : a 3 : b* 9 

but d : e :: a : b; 

.• . by Theor. 1 2, a : e : : a 4 : ft 4 . 

&c. &c. &c. &c. 

103. The following Examples are intended to illustrate the 
use of the foregoing Theorems. 

Example 1. 

To divide the number 60 into two such parts, that the product 
shall be the sum of the squares :: 2 : 5. 

Let x=one part; 
then 60— x=the other part, 
(60 — x) x x = 60 x — x 9 = the product, 
and x 9 + (60 — x 9 ) = 2 x* -f 3600— 1 20x=$wm o/7Ae squares. 
Hence, by the question, 60x — x* : 2x 9 + 3600— 120x ::,2 : 5; 
.\ by Theor. 1, (60x— x 9 )x5 = (2x 9 + 3600 — I20x)x2, 

or 300x— 5x 9 =4x 9 +720O — 240 x; 
by transposition &cdivision,x*~ 60x= — 800; 

.\ x 9 — 60x+ 900=900 — 800=100, 
and x— 30= + 10; 

or x=30± 10=40 or 20 the 

[parts required. 



i 
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Ex. 2. 

The number 20 is divided into two parts, which are to 
each other in the duplicate ratio of 3 : 1 . Find a mean fno- 
portional between those parts. 

Let x=greater part, 
then 20 — x = lesser part ; 
•\ by the question, x : 20— x :: 3* : 1* :: 9 : 1. 
Hence, by Theor. 1, #=180— 9x, 

or 10x=180; 

.". x= 18 greater part, 
and 20 — x= 20 — 18 = 2 lesser part. 
By Theor. 3, a mean proportional between 18 and 2 is 
equal to V 18 x 2 = ^36=6 the number required. 

Ex.3. 



If(a+x)*:(a — x) 9 ::x+y:x— y, shewthata:x:: v^ 2a— y:v^y. 
By expansion, a 9 +2ax-f-x 9 : a 9 — 2ax+x 9 ::x+y : x— y. 
By Tijeor. 8, 2a*-f-2x* : 4ax :: 2x:3y. 
Divide by 2, then a 9 +x 9 : 2ax :: x:yj 
.*. by Theor. 1, (a 9 -f-x 9 ) xy = 2axxx=2axx\ 
Hence, by Thkor. 2, a*-t-x a : x* : : 2a : y. 
By Theor. 6, a 9 :x 9 :: 2a— y :y; 

and by Theor. 1 1, (n being J)a : x : : \/2a— y : </y* 

Ex.4. 



If x : y in the triplicate ratio of a: I, and a : i : : \/c+x 



: Va+y, shew that dx=cy. 

Since x : y 

and by Theor. 1 T, a 3 : 6 3 

•\ by Theor. 5, x : y 

or c+x : d+y 
and by Theor. 4, c+x : x 
.\ Theor. 6, c: x 
and by Thkor. l,dx=cy. 



a 3 :b\ 
c+x :d+y; 
c+x :d+y, 

x :y, 
d+y :y; 

d :y, 



Ex. 



re* 
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Ex. 5. 

There are two numbers whose product is 24, and the difference 

of their cubes : cube of their difference :: 19: l. What are, 

the numbers? 

Let x=greater number, 

* and y= lesser number. 

Then, by the question, xy=24, 

and x 3 — if: (x—y) 3 :: 19 : 1. 

By expansion, x 3 —y z : 3?— 3x*y + 3xy*— 1/ 3 or (x — y) 3 :: 19: 1. 

By Thbor. 8, 3x*y — 3xy 9 : (x—y) 3 :: 18 : 1, 

or 3xy x (x— y) : (x — y) 3 :: 18 : 1. 

Divide by x— y, then 3xy : (x—y)* :: 18 : 1 $ 

but asy=s:24; .\ 72 : (x—y) 9 :: 18 : 1. 

Hence, by Theor. 1, 18 x (x~2/) a =72, 

or (x— y) a =4; 
.\ x— y=2. 

Again, a? 9 — 2xy+ y a = 4, 
and 4## =96. 

,\ x* + 2xy+y*~loo, 



or #+y=io, 
but x— 2/=2j 



12 
,\*=— =6, 

* 8 



Ex. 6. To divide the number 24 into two such parts, that 
their product shall be to the sum oftlieir squares : : 3 : 1Q. 

Answer, 18 and 6. 

Ex, ?• There are two numbers which are to each other 
as 3 : 2. If 6 be added to the greater 9 and subtracted from 
the lesser, the sum and remainder will be to each other 
; : 3 : 1. What are the numbers ? 

t - Answ, 24 and 16.: 

Ex.8. 



V 
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Ex. 8. There are two numbers which are to each other 
in the duplicate ratio of 4 : 3, and 24 is a mean proportional 
between them. What are the numbers? 

Answer, 32 and 18. 

a* — x* 
Ex.9. If — ; — =4a; shew that a+x : 2a :: 2 J : a— x. 

v 

Ex. 10. If x 9 : y fl :: 36 : 25, and Qx+y : #+2 in a 
ratio compounded of the ratios of 1 7 : : 2 and 2 : 7 ; what 
are the numbers ? Answ. 12 and 10. 

Ex. 11. If a+x : a—x :: 9:5, shew (by Theor. 8.) 
that a : x :: 7 : 2. 

Ex. 12. There are two numbers whose product is 135, and 
the difference of their squares is to the square of their dif- 
ference : : 4 : 1 . What are the numbers ? 

Answ. 15 and 9. 

XXX. 

On' Variable Quantities. 

101. If the quantities under consideration be of a variable 
nature, then their relation to each other must be estimated 
in the following manner. 

i. Let A and B be two variable quantities so related to 
each othfcr, that whilst the value of A is changed to a, the 
value of B is changed to b Y then if these two quantities 
A and B always bear the same ratio to each other, i.e. if 
A : B : : a : b (or by Theor. 4. of Prop n . A : a:: B: b) 
throughout the whole period of their variation, they are said 
to vary directly as each other. 

Exam. Suppose a body to move uniformly along at the 
rate of 3 feet in one second of time ; then in the first second 
it would describe 3 feet, in two seconds 6 feet, in three * 
seconds 9 feet, &c.&c; hence, whilst the time varies through 

1, 2, 
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i 

1, 2, 3, 4, &c. seconds, the space varies through 3, 6, 9, 12, 
&c. feet ; but the numbers 3, 6, 9, &c. are respectively in the 
same ratio with the numbers 1, 2, 3, &c. When a body moves 
uniformly, therefore, "the space varies directly as the time." 

ii. If the relation between A and B be such, that whilst 
A by increasing is changed to 0, and B by decreasing is 

changed to #, in such manner, that A : a : : — : : t (or) 

:: I : B throughout the whole period of their variation, then 
A is said to vary inversely as B. 

• 

Exam. The area of a triangle is equal to half the rectangle 
contained by its base and perpendicular altitude ; if, therefore, 
the farm of the triangle be changed whilst its area remains 
the same, it is evident that as its altitude increases its base 
must decrease. Let A and B represent its altitude and base 
at any one period of its variation, and a and b its altitude and base 

at any other period, then = or AxB~axb, 

.*. (by Th. 2. Prop".) A : a :: I : B :: it : r, i.e. "the 

" altitude of a triangle whose area is given varies inversely 
u as its base, *nd vice versA. 

ni. If there be three variable quantities A,B,C 9 whose 
relation to each other is such, that whilst B is changed 
to h, and C to c, A is changed in the compound xatio 
of the change of B and C; i.e. if A : a in the ratio com- 
pounded of the ratios of B : I and C : c> or (Art. 101,: I.) 

A : a::BC: be, then A is said to vary as 13 and C conjointly. 

i 

Exam. Let A represent the area, B the bate, and C the 
perpendicular altitude of a triangle \ and when the form of 
this triangle is changed, let a represent the area, I the base, 

BC 

and c the altitude at any period of its variation ; then A=—r~; 

and 
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t be A BC be _ , 

and a=— , .*. A : a :: — : — :: BC : be, or " the area of 

2 2 2 

" a triangle varies as its base and perpendicular altitude 
" conjointly." 

IV. If the relation between the three quantities A, B, C be 
such, that when A is changed to a, B to b, and C to c, Bib 

in the ratio compounded of the ratios of A : a and 7,: - 

A a 

or. (Art. 101, I.) B : b :: -^ : -, then JB is said to vary 
, o c 

directly as -4, and inversely as O. 

Exam. Let ^, JB, C, a, i > c represent the same quantities 

BC A 

as in the last Example, then since A=-— , jB=~7,; and since 

2 2 

a=— , #= — . Hence B : b :: -— : — ::— : ~, i.e. "when 
2 2c 2C 2c C c 

" the area of a triangle is changed, the base will vary as the 

'* area directly, and as the perpendicular altitude inversely." 

105. These several relations of variable quantities are often 
more briefly expressed by placing the mark oc between them ; 
thus 

A : a : : B : b, or "A varies as B" is expressed by . .AxB. 

11 . 1 

A : a : : -5 : 7, or "A varies inversely as JB," by . . . Aoc%. 

A:a::BC:bc,or " -4 varies as JB and C conjointly , v by AocBC. 
-.j . # A at or "J3 varies directly as -4, and?v t> ^ 

" C c\ inversely as C" ... 3 " C" 

This notation is made use of in the following Theorems. 

Th. 1. "If one quantity varies as another, it will also vary 
as any multiple, part, power, or root of the other." Thus, 
let AocB then A : a :: B 1 b; multiply the last ratio 
by m, then (Art. 100, 1.) A : a :: mB : mb, .'. (Art. 104, -L) 

T ^oc 
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AocmBj where m maybe any number either, integral or 
fractional. Again, since A : a:: B : b, (byTH. 1 1 of Prop™.) 
A* : a* :: B m : #"; .\A m acB\ where n may be any number 
whatever, integral ox fractional. 

Th. 2. u If one quantity varies as another, and each of 

" them be multiplied or divided by any quantity variable or 

" invariable, then will the products or quotients, thus arising. 

" vary as each other." Thus, let AocB, then A : a:: B : b; 

let m be an invariable quantity, and multiply all the terms of 

the proportion by it, then mA : ma :: mB : mb, .*• mA 

oc-mB. Let C be a variable quantity, then we have 

A:a::B:b} . m %e% rAC:ac::BC:bc,orACocBC; 
1 byTH. 12 1 ' 

A a 

C : ? or C~C # 



: a : : JB : b^i 
and y*J*L":"} and 

: c : : C :cj 



C:c::C:c) ° f Pt °^ )^.f ..«.* or ^ 



Cor. 1. From hence it follows, that "if one quantity 
" varies as two others jointly, then either of those quantities 
€€ varies as the first directly and the other inversely" Thus 

let AocBC, then, dividing each by C, B<x — or " as A di- 

rectly and C inversely ;" divide by JB, then Cocjz or "as 
A directly and jB inversely," 

Cor. 2. " If the product of two quantities be invariable, 

then those quantities vary inversely as each other." For let 

m . . 1 m 

AxB=m, then -4=-£ which varies as -=, and JB=-; which 

varies as -j, #i being a constant quantity. 

Th. 3. " If one quantity varies as a second, and the second 
as a third, then will the first quantity vary as the third." For 
let AocB, then A : a :: B : b; and let JBocC, then 
jB : b :: C : c; ,\ by 'Th.5 of Prop*. A : a :: C : c; 
hence AocC. 

Th. 4. 
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Th. 4. " If any two quantities vary as a third, then will 
cc their sum or difference or the square root of their product 
"vary as the third." Thus let AocC and BocC, then, 
by Th. 3, AocB; ,\A: a :: B : i or -4 : B :: a : J, 
and by Th. 6 of Prop n . A ± B : B :: a±b : b or A±B : a±b 
:: Bib; but since BocC, B : b :: C : c, hence A±B 
:a±br. C: c,orA±B<xC. 

Again, since 

^: a:: C: cibyTh. 12of Prop n .^B: ab:: C: c\ 
andB: £:: C: c$andTh. 11 of Prop n . v^B: >/a£:: C:c. 

Hence v^BocC, 

Th. 5. " If the square of the sum of two quantities varies 
€t as the square % of their difference, then the sum of their 
€i squares varies as their product." For let (A+B)*3*(A — B)% 
then (^+JB) t :(a+i) a :: (^-B) 9 : (a-i) 9 , 

or {A+B)*i (A-B)* :: (a+ J) 9 : (a-£) 9 . 

By Expansion, and) 2^+dB 9 : 4AB:: 2a*+Qb* : 4al, 
byTH.8ofProp n . $ or^ + B 9 : 2AB:: a*+b* : 2ai; 
.\A*+B*:a* + b*::2AB:2ab::AB:ab. 
Hence ^f+B'oc^B. 






Th. 6. " If there be two sets of quantities, A, B, C, JD, 
&c. and P, Q, fl, S, &c. which vary as each other re- 
spectively, viz. AacP,B<xQ, then will the products of 
those quantities vary as each other." For, let a, b, c, &c. 
p>q> *> &c. be corresponding values of A,B, C, &c P, Q, B, &c. 
then, since^ocP, A : a :: P : p 

. . .BocQ,jB: b:: Q:q 
. . . CocB, C : c :: B : r 
&c &c. 



By Cor. to Theor. 12 of Prop . 
ABC&cc. : abc&c. :: PQB&c. :pqr6tc> 
Hence AB C &c. ocP Q R &c. 
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Th. 7- " If any quantity A depends upon a set of quan- 
u tities, P, Q 9 if, S, in such a manner, that if Q, R 9 S are 
€t constant, AocP; if P, R, S are constant, AocQ; &c. &c. 
" then if they all vary, A will vary as their product. 9 * 

For let A he changed 

to x y by the variation of P to />, the rest being constant, 

from x to y of Q to q, 

from y to z of R to r, ....... • 

from z to a of S to 5 

Then, when all vary, we have A : x:: P : p \ Hence, by com- 

x : V :: 6 : 9 (position of ratios, 
y :z::R:r^A: ai.PQRS 
z:a::S:s) :pqr$ or A<*c 

PQRS; an3 the Theorem would evidently be true, whatever 
be the number of quantities P, Q, R, S, &c. 

Th. 8. " If one quantity varies as another, it is equal 

"to that quantity multiplied into some constant quantity; 

" and the value of this constant quantity will be known, if the 

" actual relation between the two variable quantities at some 

gs given period of their increase or decrease be known." For 

let AocB, then A : a :: B : I or A : B :: a : l 9 i.e. the 

ratio of A : B is always the same through the whole period of 

their variation; let this ratio be that of m : 1, then A : B 

A ' 

::m: 1, and A=m B 9 or w=—. If therefore the corre- 
• B ^ 

,-sponding values of A and £ at any period of their variation be 
known, the value of m will be known. 

Exam. The space described by a body descending perpen- 
dicularly near the surface of the Earth varies as the square of 
the time; let the space =S, the corresponding time=T 9 then 
by this Theorem S=fwT a ; now it is known by experiment, 
that a body falls through a space of about .16 feet in the first 

second 
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second of its fall; hence, when S=l6, !T=1,.\m=l6, and 
the general relation between the space and time of a body thus 
falling is S= 16 T. 

A 

Cor. Since — =w, it follows, a that if one quantity 

varies as another, the fraction arising from dividing the 
one quantity by the other, is a constant quantity." 



<€ 
it 



14,2 



CHAP. VII. 

ON ARITHMETICAL AND GEOMETRICAL 

PROGRESSION. 



XXXI. 

Definitions. 

106. If a series of quantities increase or decrease by the 
continual addition or subtraction of the same quantity, then 
those quantities are said to be in Arithmetical Progression. 
Thus the numbers 1, 2, 3, 4, 5, 6, &c. (which increase by the 
addition of 1 to each successive term), and the numbers 21, 19, 
17> 15, 13, ll,&c.(whichdecrawebythe subtraction of 2 from 
each successive term), are in arithmetical progression. 

107. In genera], if a represents the Jirst term of any arith- 
metical progression, and b the common difference, then may the 
series itself be expressed by a, a+b,a+2b,a+3b,a+4b 9 &c. 
which will evidently be an increasing or a decreasing one, 
according as b is positive or negative. In the foregoing series, 
the coefficient oib in the second term is one; in the third term 
is two; in the fourth is three, &c; i.e. the coefficient of b in 
any term is always less by unity than the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the series be denoted by (71), the nth or last term In 
the progression will be a +(« — l) b. 

108. If a series of quantities increase or decrease by the con- 
tinual multiplication or division of the same quantity, then those 
quantities are said to be in Geometrical Progression. Thus 
the numbers 1,2,4,8, 16, &c. (which increase by the continual 

multipli- 
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• 111 

multiplication of 2), and the numbers l, ~, ~, — , &c. (which 

decrease by the continued division of 3, or multiplication of -), 

3 

are in Geometrical Progression. 

109. In general, if a represents the Jirst term of such a series, 
and r the common multiple or ratio, then may the series itself 
be represented by a, ar y ar* 9 ar*, ar*, &c. which will evidently 
be an increasing or decreasing series, according as r is a whole 
number or a proper fraction. In the foregoing series, the index 
of r in any term is less by unity than the number which denotes 
the place of that term in the series. Hence, if the number of 
terms in the series be denoted by (n), the last term will be ar"~ x m 

XXXII. 

On Arithmetical Progression. 

110. Let S be the sum of the series a,a + b,a + 2b,a+3b, 

&c. ; then 

» ■* 

a. .;,. .. + (<*+&) +(a+S6> &c....-f (a + (n-2)&) + (a+(n -!>)=$> 

(o+(«-l)ft)+X a +( n -3)0+(«+(»-3)6),&c.... + (a+6) + «....-. =& 

where the foif er series is the same as the upper one, except 
that the order of the terms is inverted. 

Add the two series together, and we have, 
fsa+(»— l)b\ + (Qa+(n~ l)b) + (2a + (n-l)b)+&ictonterms=2S, 

or.(2a+(»-l)6\n=2S; .\ S=(sa+(n- l)i)-. 

111. From 

(*) Since the sum of any two terms = (« + a+ (n— 1)&) =sum of first 

mm 

and to** term, and since AS=(Sa+(»— 0& -, it appears that the sum of 

the series is equal, to the sum of the first and last terms (or of any two terms 
equally distant from the first and last terms), multiplied into half the 
number of terms. 
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111. From the equation lQa+(n— \)b V«=2S, k appears . 
that if any three of the four quantities a, b, n i S are given, the 
fourth may be found. For we have, 

i. By Art. 110 S=(2a + (»-l)i)* 

ii. Byactual multiplication, 2an + bn % — bn-=. 2 S; 

.*. 2an=2S— bn*+bn, 

, QS-bn*+bn 
ana a= » 

2» 

in Again, bn*— bn=z$S—2an 

or (»*— n)i=2S— 2a«; 
7 2S— 2a"7i 

n — w 
iV. To find n, we have, ) , 9 , _ » rt c 

by transposition, > 

or Jn 9 + (2a— t)»=2iS; 

fl , 2a— £ 2S 

if v 

Solve this quadratic equation, and it gives the value of ft. 

Example 1. 

r. 

Find the sum of the series 1, 3, 5, 7, 9, 1 1, &c. continued ■ 
< : to 120 terrils. 

Herea=l, "i c / n , / ,\i\ n 



a ~ 1 ' f.-.S=(2a+(n-l)i -. 
n=120;} =( 2X 1+(120-I)2)i|?. 





2 
= /2+ 119X2) 60= 240x60 = 14400. 

Ex. 2. * ' 

Find the sum of the series 15, 11, 7, 3, — A 9 — 5, &c. ty> 
20 terms. 



Here a = 15, 



* = 2 °5) =(2Xl5 + (20-l)x-4)^. 

= (30— 19X4) X 10. 

= (30—76) X 10= -46 X 1Q= - 460. 

Ex.3. 



i 
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Ex.3. 
Find the sum of 150 terms of the series ~, ~, 1, -* -, 2, L &c. 

3 3 3 3 ' 3 

Here a= ~, 
3 

3 
n=150; 



.\S=(2a+(»-i)&)~. 
= (2xi + (i50-i)xi) 



150 
2 



-(f+^)7*-H ix 75=3775 - 



3 

Ex.4. 
The sum of an arithmetic series is 1 240, common difference 
—4, and number of terms 20. What is the first term f 
Here 5=1240,1 . 2S-fln t + Jn 



S=1240,l . „ QS-bn 9 + bn 

\ 2480+1600—80 4000 
fl=20; ' = — = ' 



= 100. 



40 40 

Hence the series is 100, 96, 92, 88, &c 

Ex.5. 
The sum of an arithmetic series is 1455, the first term 5, and 
the number of terms 30. What is the common difference? 
Here S= 1455, ^ . ;,_2S— 2«7i 

* \ = 2910-300 ^ 2610 _ ? 

n=30; ^ 900—30 870 

Hence the series is 5, 8, 1 1, 14, &c. 

Ex. 6. 

The sum of an arithmetic series is 567* the first term 7, the 
common difference 2. What are the number of terms ? 
HereS=567,l ." ^^ 9a-b^ %S 
a*7, > b b 

*>=*> 3 »»•+ 6* =— 5=567, 

2 

andn*+ 6»+9 =567+9=576; 

.-. n + 3 = */576 =24, 

ornas24 — 3 =21. 

U Ex. 7. 
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Ex. 7. 

How much ground does a person pass over in gathering np 

200 stones placed in a straight line, at intervals of 2 feet from 
each other; supposing that he brings each stone singly lb 
a basket standing at the distance of 20 yards from the first 
stone, and that he starts from the spot where the basket stands ? 

It is evident that the space passed over by this person will be 
twice the sum of an arithmetic series, whose first term is 
20 yards (i. e. 60 feet), common difference 2 feet, and number 
of terms 200. 

Here*z=60, \ n i , S1 \ n 

J = 2, [ .•.S=(«a+ («-!)*);. 

w=200; ) = (120+398) 100. 

= 518X100 =51800 feet. 

feet, milts, farkrags, feet. 

Hence the distance required =103600= 19 . 4 . 640. 

Ex.8. 
A traveller bound to a place at the distance of 198 miles, 
goes 30 miles the first day, 28 the second, 26 the third, and 
so on. In how many datys will he arrive at his journey's end) 
Here is given a =30, *) 

hz=. — 2, Ho find the number of terms. 
S=198,3 

xt 1, 2a- b 2 S « 2x108" 

NowtiN- — 1 —.n—~\ .\rc a -31rc=~^-^= — 198. 
Ob 2 

andn fl -31^^ = -198+^i=^. 

4 ■ 4 4 

u 31 ; 13 , 31 — 13 
Hence n = ±— ., and n=— -_ = a. 

2 2* 2 

The traveller, therefore, arrives at his journey's end in 9 days. 

Ex.9. 

There are a certain number of quantities in arithmetic pro- 
gression, whose common difference is 2, and whose sum is equal 
to eight times their m/mber; moreover, if 13 be added to the 

second 
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second term, and this sum be divided by the number of terms, 
the quotient will be equal to the first term. What are the 
numbers ? 

Let the first term == x, \ then the second term will be x + 2, 
and the number of terms==y; J . . .the last term, . . .«+(y-l)X2. 

In the expression (2 a -f (n — 1 ) I J -, substitute # for a, 2 for #, 

andy for 7^ and it becomes (2x+(y — 1)2 i|(=xy+y a — y), 
for the 5um of the series. 

By the question, xy +y 9 — y=8y, or y=9— #, 

. &+2+13 
and =x. 

y 

tf+2+13 

Hence. — =#, orx — 8jc= — 15; 

.\#* — Sx+l6=l6 — 15 = 1, 

andjc— 4 = ±1; .'. x=5 or 3, 
y = 9 — x =4 or 6. 

From which it appears that there are too sets of numbers which 
will answer the conditions required; viz. 5, 7, 9, H> or 

3,5,7,9,11,13. 

> * • 

Ex. 10. Find the sum of 25 terms of the series, 

2, 5, 8, 11, 14, &C> 

Answer, 950. 

Ex. 11. Find the sum of 36 terms of the series, 
40, 38, 36, 34, &c. 

Answ. 180. 

Ex, 12. Find the sum of 32 terms of the series, 

1, U, 2, 2j, 3, &c. 

ANSW. 280. 

Ex. 13. The sum of an arithmetic series is 950, the common 
difference 3, and number of terms 25. What is the first term ? 

Answ. 2. 

Ex. 14. 



148 ARITHMETICAL PROGRESSION. 

Ex. 14. The sum of an arithmetic series is 165,- the first 
term 3, and the number of terms 10. What is the common 
difference? 

Answer, 3. 

Ex.15. The stem of an arithmetic series is 440, first term 3, 
and common difference 8. What are the numbers of terms? 

Answ. 20. 

Ex. 16. The sum of an arithmetic series is 54, first term 
14, and common difference —8. What are the number of 
terms? 

*Answ. g, or 6. 

Ex. 17* A person bought 47 sheep, and gate 1 shilling for 
the first sheep, 3 for the second, 5 for the third, and so on. 
What did all the sheep cost him ? 

Answ. £.110.95. 

Ex.18. A person began the year by gmng away a^orMing 

At first day, ^ ha'penny the second, three farthings the tkkd y 

and so on. What money had he dipooecd of in charity at the 

end of the year ? 

Answ. £. 69. 1 is- 6|£ 

Ex. 19. A travels tai^bmily at the rate of 6 miles an hour, 
and set off upon his journey 3 hours and 80 minutes before B; 
B follows him at the rate of 5 miles the first boor, 6 the second, 
7 the third, and so on. In how many hoars will B oratmkeA? 

Answ. In 8 hours. 

Ex. 20. There are a certain number of quantities in arith- 
metic progression, whose^rrf term is 8, and whose sum is equal 
to 8 times their number ; if 7 be added to the third term, and 
that sum be divided by the number of terms, the quotient will 
be equal to the common difference. What are the nurabM ? 

Answ. 8, 5, 8, 1 1, 14*. 
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XXXIII. 

On Geometrical Progression. 

112. Let S be the sum of the series a, ar 9 ar*, ar*, &c. 
(Art. 109), then 

a -\-ar+ar* + at* + &cc. . . . ar M +ar*^ 1 . . . = S. 

Multiply the equation by r, and it becomes 

ar+ar* -far 3 -f-&c. . . . ar*~ , +nr*- , + ar ,, s=rS. 



Subtract the upper equation from the lower, and we have, 
ar*—a=srS—S> or (r— l)S=ar*— a; 

ar n —a 



and therefore, S= 



r— 1 



If r is a proper fraction, then r and its powers are less than 1 . 

For the convenience of calculation, therefore, it is better in this 

a — ar* 
case to transpose the equation into S= -, by multiplying 

ar*—a 

the numerator and denominator of the fraction — by —1. 

r— 1 J 

1 13. When the number of terms is large, the summation of 
a series of this kind, and the general solution of the equation 

ar n — a a — ar* 

S= 7-, or — - , can only be effected by means of Lo&a- 

r— 1 1 — r * 

rithms. (Vid. Chap. X.) 

114. If I be the last term of a series of this kind, then 

(ar*—a\ rl—a 
— / = T- From 
r— 1 r— 1 

this equation, therefore, if any three of the four quantities 

S,a,r,l, be given, the fourth may be found. For S=-— —; 

S-« . » (r— l)S+a 
a=:rl— (r— l) S; ' rgs v_/ > «"*/= r — . 

Ex. 1. 
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Example I. 

Find the sum of the series l, 3, 9, 27> &c. to 12 terms. 
Here a=l, 



a=1 p flr»-rfl 1 x3"-l f 
r=3, > 7—1 3 — 1 

n^XQ'J 81 3 — 1 



2 
531441— 1 _ 531440 

"~ 2 "" 2 

Ex. 2. 



=265720. 



* 2 4 8 

Find the sum of ten terms of the series 1 -fr-r PT+^o &c. 
Herea=l 1 /2\ 10 / /2\ 10 



-© (-©> 



2 I o a-dr» ' V3/ V V3/ ^ / /2\ I0 \ 

72=10 J * 3 

2\ 10 2 10 1024 



NoW (3) = ^= 



>3/ 3 10 59049 ' 
'2\ 10 1024 58025 



.M-(r) = 1- 



3/ 59049 59049' 

3 X 58025 _^ 174075 
* a " ~~ 59049 ~~ 59049 ' 
Ex. 3. Find the sum of 1, 2, 4, 8, 16, &c. to 14 terms. 

Answer, 16383. 

« l 1 1 „ 

Ex. 4. . I, r, -, — , &c. to 8 terms. 

o 9 27 

3280 
Answ. — — . 
• 2187 

XXXIV. 

On the method ofjinding any number of Arithmetic or 
Geometric Means between Two Numbers. 

115. Let I be the last term of an arithmetic series, whose 

first term is (a), common difference (b), and number of terms 

I— a 
(n); then Z=a-f(rc— l)b; .\ (w— l)J=J— a, or fl==— - -. 

7»~ ™ X 

Now 
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Now the number of intermediate terms between the first and the 
last is w— 2; let 7i— 2=m, then ?* — l=7»-f 1. Htnce J= 

-— — , which gives the following Rule for finding any number 

of arithmetic means between two numbers; "Divide the 
" difference of the tiuo numbers by the given number of means 
" increased by unity, and the quotient will be the common 
cc difference." Having the common difference, the means 

themselves will be known* 

i 

116. Let /be the last term of&geometric series, then l=ar*- l 9 

and f*- 4 =2 -, .% r = \ / -. The number of intermediate terms 
a V a 

as before is n— 2; let w— 2=7W, then 7i— l==m+l, and 

r=v/ -, which gives the following rule for finding any num- 
ber of geometric means between two numbers; viz. " Divide 
" one number by the other, and take that root of the quotient 
" which is denoted by m+\; the result will be the common 
" ratio" Having the common ratio, the means are found by 
common multiplication. 

Example 1. 

Find six arithmetic means between 1 and 43. 

Here* Z=: 43.) 

, f , Z— a 43-1 42 „ 
«=1> > .vftss — — = tf . - = -— = 6. 

By adding this common difference continually to the lesser 
number (l), we have 7, 13, 19, 25, 31, 37, for the six means 
required. 

Ex. 2. 

Find three geometric means between 2 and 32. 
Herea=2^ ) , j-r g — 

m=3; 3 

and the means required are, 4, 6, 16. 

Ex. 3. 
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Ex. 3. 

i fi 
Find two geometric means between — and 2, 



^. — o. I •'• the two means are - and -. 

m=2; J 9 3 

Ex. 4. Find seven arithmetic means between 3 and 59. 

Answer, 10, 17,24,31,38, 45, 52. 

Ex. 5. Find eight arithmetic means between 4 and 67* 

Ex. 6. Find nine arithmetic means between 9 and 109* 

Ex. 7. Find two geometric means between 4 and 256. 

Answ. 16 and 64. 

1 
Ex. 8. Find three geometric means between - and 9. 

Answ. -, 1,3. 
3 

If the number of geometric means required be large, the 
problem must be solved* by means of Logarithms. 

117* Let a, a-\-b 9 a-f- 2 6 be three quantities in arithmetic 
progression, then the sum of the first and last = 2a +2^= 
2(a-f b); .\a + b=z half the sum of the first and last; hence 
" an arithmetic mean between! any two quantities is found, by 
taking half their sum." Again, let a f ar, ar* be any three 
quantities in geometric progression, then the product of the first 
and last =aV= the square of the mean term, from which it 
appears that " el geometric mean between any two quantities is 
found by taking the square root of their product™ " From 

hence 



(*) It may be proper here to observe, that quantities which are in geometric 
progression are also in continued proportion; for a : ar :: ar : ar 9 :: ar 2 tar 3 ;: 
&c. The differences of quantities in geometric progression are also in con- 
tinued 



I 
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hence also it appears, that an arithmetic mean between any two 
numbers is greater than a geometric mean ; for let the Vpm 

numbers be x and y, then the arithmetic mean= — — , and the 

geometric=\/xy. Now (x— J/) 9 is necessarily a positive quan- 
tity^, and since it is equal to jr^— Qxy+y* 9 x*+y* must be 
greater than 2xy; add 2xy to each, then x*+2xy+y* is 

greater than 4xy, and consequently x-f y greater than 2\/xy f 

x-\-y 
or — r- 2 - greater than <\/xy. 

XXXV. 

On the solution of Equations relating to Numbers in 
Arithmetical or Geometrical Progression. 

118. As a given number of terms of any arithmetic or 
geometric series may be expressed by means of two unknown 
quantities, it is not difficult to find a given number of quantities 
of this kind, which shall bear all such relations to each other as 
may be determined by two equations; of which the following 
are Examples. 

Example 1. 

Find four numbers in arithmetical progression, such, that 
their sum shall be 56, and the sum of their squares 864. 

Let x=the second of these four numbers, 
and y= their common difference. 

Then 

tinued proportion ; for the successive differences of the terms of the series 
fr, ar/ar 8 , ai* 9 ar*,&care ar—a* at*— ar,!** 3 — at*,&c or or— afar — a)r, 
(ar— *)**, &c. which is a geometric progression whose,/?™* term is ar—a, 
and common ratio r. 

( b ) For x—y is positive or negative, according as x is greater or less than y ; 
but since the square of a quautity is necessarily positive (x— y} 3 will be 
positive, whatever be the relative values of x and y. 

x 
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Then the four numbers may be represented by x-»y, x r 
x+y,x+2y. 

Hence, by the question, 

( X -S0 +* +(*+y) + (*+2y) =4x +2y =56, 

and(x-y)*+x*+(x+y)V(x+2y)*=4x*+4xy+6y*=864. 

From 1st equation, 2x+y =28. 
Square this equation, then 4x*+ 4xy + y*=784 (A), 

but 4x*+4xy + 6y*=864 (B). 

Subtract (A) from (B), and we have 5y*=80, 

or y*= 16, and y=4; 

28-y 24 m „ 
.-. x= * = — = 12. 

2 2 

Hence 8, 12, 16, 20 are the four numbers required. 

Ex. 2. 

The sum of three numbers in arithmetic progression is 9, and 
the sum oftlteir cubes is 153. What are the numbers? 

Let x— y, x, x-f-y, be the numbers. 

Then (x— y) +x «f(x+y) =3x =9, 

(x— y) , +x 3 +(x-f-y) , =3x , -f-6xy , = 153. 

_ . p 

From 1 st equation, x = - = 3 ; 

.\ by substitution, in 2d equation, 81 + 1 8y*= 1 53, 

.1 or 18y*= 153— 81 = 72; 

72 
* .\y % =— =4,andy=2. 

Hence, the numbers are 1, 3, 5. 

Ex. 3. 

Find three numbers in geometric progression, such, that their 
sum shall be equal to 7, and the sum of their squares to 21. 

Let x, y, x, be the numbers. 

Then, by the question, x +y -f-s = 7, 1st equation. 1 

And x*+y*+2 a =21, 2d equation. J 

By 
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By Note(*), page 152, x : y :: y : z; .\ y*=*xz. 

From 1st equation, #+«=7 — y. 
Square this equation, and #* + 2x«-|-3 9 =49— 14y +y*(A)*> 

but 2x3= 2y*(B). 

Subtract (5) from (^), then x*-fV=49 — 14y — y\ 
But, from second equation, a?* + **=21 — y fl . 
Hence, 49— 14y— y'=21 — y*, 
or 49 — I4y=2l ; 

.'. 14y=49— 21 = 28. 
28 

••• y = 14 «*• 



Again, since x -f z = 7 — y=7 — 2 = 5, 
we have x* + 2xa;-f a*=25; 

but 4xs = 16> for x«=y*; 
.\ by subtraction, x* — •2x«+^ 9 =25— 16=9, 

and a?— «=3. 

Hence, x-f s=5, > .'. 2x=8, or x=4 
x — « = 3; 3 2x = 2, or«=l, 
and the three numbers are 1, 2, 4* 

Ex. 4. 

The 5wt» of four numbers in geometric progression is 30, and 

4 

the last term divided by the sum of the mean terms is r; 

What are the numbers I 

Let x=first term, )then the numbers themselves will 

y=the common ratio;} be x, xy, xy*, xy 3 . 
Hence, by the question, x -f xy -f- xy* + xy 3 = 30, 1 st equation,^ 

and ^H^ =i' Sdequation.J 

From 1st? . ,. 30 , a 

From 
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From * J_grx£4 or JL=*(B). 
equation, $xyx(l+y) 3 1+y 3 
By reduction of} „ « . . . 
equation (B),ry= 4+4 ^ 

» 4 4 

or „-;,.-, 

. , 4 , 4 4 , 4 16 

„i 2 4 6 . 

andy — -=-; ory=~==2. 

3 3 3 

Hence from equation (A)> x=- =s — = 2. 

1 + 2+4 + 8 15 

The four numbers are therefore 2, 4, 8, 16. 

Ex.5. 

There are three numbers in geometric progression, whose 
product is 64, and sum of their cubes 584 ; What are the 
numbers ? 

Let the numbers be x, xy, xy 9 . 
Then, by the question, xxxyx xy* 9 or x*y*= 64, 1st equation. > 

And a^+#y +#y=584, 2d equat n . $ 

From 1st equation, y = — , and y = — g— . 

By substitution, in 7 ^ + ^ + 4096 = 5g4 
2d equation, 3 x 3 

Hence, J5 6 +64jc 3 +4096 = 584x% 
orx 6 — 520# 3 = — 4096. 

Solve this equation byl 

Rule in Sect XXIV. v . . . and x*=8; or #=2. 

page 109. 3 

v, , 64 64 . 
Now y 3 = —■== — =8: .\y=2. 

And the three numbers are 2, 4, 8. 

Ex. 6. The sum of three numbers in arithmetic progression 
is 15; and the sum of the squares of the two extremes h 58. 
What are the numbers ? Answer, 3, 5, 7. 

Ex. 7. 
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Ex. 7. There are four numbers in arithmetic progression 5 
the sum of the two extremes is 8, and the product of the means 
is 15. What are the numbers ? 

Answer, 1, 3, 5, 7. 

Ex. 8. There are four numbers in arithmetic progression ; 
the sum of the squares of the two means is 2, and the sum of 
the squares of the two extremes is 18. What are the numbers? 

Answ. —3, — l, 1, 3. 

Ex. 9. There are three numbers in geometric progression, 
whose sum is 21, and sum of their squares 189. What are 
the numbers ? Answ. 3, 6, 12. 

Ex. 10. There are three numbers in geometric progression ; 
the sum of the first and last is 52, and the square of the mean 
is 100. What are the numbers ? 

Answ. 2, 10, 50. 

Ex. 11. There are three numbers in geometric progression, 
wh<?se sum is 31, and the sum of thejirst and last is 26. What 
are the numbers ? Answ. 1, 5, 25. (a) 

XXXVI. 

On the Summation of an infinite Series of Fractions in 
Geometric Progression ; and on the method of finding 
the value of Circulating Decimals. 

1 19. The general expression for the sum of a geometric series 

a — ar* 
whose common ratio (r) is a fraction, is (Art. 1 12) S=- __ . • 

Suppose 

(*) Some curious Theorems relating to numbers in Geometrical Pro- 
gression will be found in " EUmens tTJlgSbre, par L'Huiler," Vol. J I. 
page 177... 808. Ed. 1812. A great variety of questions, both in Arithmetical 
and Geometrical Progression, will also be found in Bland's " Algebraical 
Problems" 
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Suppose now n to be indefinitely great, then f (r being a proper 
fraction) will be indefinitely small™, so that ar n may be con- 
sidered as nothing with respect to a in the numerator a— at* 
of the fraction expressing the value of S; the limit, therefore, 

to which this value of S approaches, when the number of terms 

a 

is infinite, is . 

2 1— r 

Example 1. 

Find the sum of the series 1 H — | — | — , &c. ad infinitum. 

2 4 8 J 




Ex.2. 

Find the value of --4 \ h&c. ad infinitum. 

5 25 125 J 

Here a=-, I 

5 I . s== 5 1 1 



_i.| i- 1 5 ~ l 4 

Ex.3. 

Find the value of - -f- -+ -H — h r- &c. ai infinitum. 

4 9 3 9 27 ^ 



.-. £- 4 = 3 „ 9 = 9 

. 2 A 8 12-8 4 
1 — - 4 — ~ 

3 3 




Ex.4. 



( a ) When r is a proper fraction, it is evident that t* decreases as n in- 
creases; let r= — for instance, then t*= — , »*=— — , r*= — ? — . &c. 

10 100 1000 10000 

and when n is indefinitely great, the denominator of the fraction becomes 
so large with respect to the numerator, that the value of the fractional 
itself becomes less than any assignable quantity. 
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Ex. 4. Find value of H — | — | f &a ad infinitum. 

3 9 27 

Answer, -• 

2 

3 b 27 

Ex.5 . . H — | 1 h&c ad infinitum. 

4 16 64 

Answ. 4. 

Ex. 6. . --f — 4 -f&c. ad infinitum. 

5 25 125 J 

Answ. -. 
3 

5 3 

Ex.7. ......... -+H — h — + &c. ad infinilunu 

3 5 25 J 

Answ. 4-. 
6 

120. These operations furnish us with an expeditious method 
of finding the value of circulating decimals, the numbers com- s 
posing which are geometric progressions, whose common ratio* 

arc rz> T^Zj TT^Zi &c. according to the number of factors 
10 100 1000* B 

contained in the repeating decimal. 

Example 1. 

Find the value of the circulating decimal .33333, &c. 

This decimal is represented by the geometric series 

3 3 3 3 

^+t^ + — — + &c. whose first term is — , and common 

ratio -. 

3 \ 3 

Hence a= --, I „ — a a , 

lOrl a 10 3 3 1 

1 | ,% l^r"" 1 ~10-l"-9"~3* 

r =f5'J l 'xo 

Ex, 2. 
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Ex. 2. 

Find the value of .32323232, &c. ad infinitum. 

Here a=- — , I 

100 I . g = a 100 __ 33 32 

1 I * "~1 — r~ l ""lOO— 1~99 # 



100* J 100 



Ex.3. 
Find the value of .713333, &c. ad infinitum* 

The series of fractions representing the value of this 

71 3 3 
decimal are h (geometric series) h— + &c. 

100 vo 1000 10000 

100 
Here a= , 



1000 I , c 1000 3 3, 



1 [ i_-L 1000 ~" 100 900 300 

r=s To 5 J io 



CT 1 
h S^ -H- + -1-3= 
100/100 300 300 



150 

Ex. 4. 

Find the value of .81343434, &c. ad infinitum. 
34 1 34 



Here a= 



:> 



L0000 ( c a 10000 34 _ 34 



if 1— r 1 10000 — 100 9900* 

r= : I 1 

100 ' J 100 

And the value of the decimal = h S= H = -. 

100 100 9900 9900 

Ex. 5. Find the value of .77777, &c. ad infinitum. 



Answer, -. 



Ex. 6. 
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Ex. 6. Find the value of ,232323, 8fc. ad infinitum. 

23 

Answer, — . 

Ex, 7 83333, &c. ad infinitum. 

Answ. g. 

Ex.8 7141414, &c. ad infinitum. 

Answ. ™ 
990 

Ex.9 956666, &cc. ad infinitum. 

Answ. — i. 
30Q 
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CHAP. VIII. 



ON SURDS. 



Surd quantities have already been defined in Art. 57* and 
may be expressed either by the radical sign, or by their frac- 
tional indices (as in Art. 68. 1.); thus the square root of 2, 
the cube root of 3, the nth root ofa+b 9 the cube root of (a + x)\ 

&C.&C. may be expressed either by \/2, &3, \fa+b, V(o>+x)*> 

\ i l f 

&c. or by 2 , 3 , (a+b)*, (a+x) 9 &c. 

The precise value of these quantities cannot be ascertained; 
it can only be expressed by means of decimals or series which 
do not terminate; and in this sense they are called irrational, 
to distinguish them from all other quantities whatever, integral 
or fractional, whose values are determinate, and which are 
therefore denominated rational. Surds in their radical form, 
when properly reduced, are subject to all the ordinary Rules 
of Arithmetic. 



XXXVII. 

On the Reduction of Surds. 

Case I. 

121. A rational quantity may be reduced to the form of 
a surd, by raising it to the power denoted by the root of 
the surd, and then annexing the radical sign. 

Ex.1. 
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Example 1. 

Reduce 3 to the form of the square root, and it becomes 
v^' or \/g. 

Ex, 2. 

Reduce ~ cube root. ...... \/ —or\/ — . 

3 ' V 3 8 V 27 

Ex, 3. 
Reduce a+b . . . square root, . . . . • s/(a+b)\ 

Ex.4. 
Reduce 4&*. . • . cube root, ^64&\ 

Case II. 

1 22. Surds of different indices are reduced to equivalent ones 
having the same radical sign, by bringing their fractional 
indices to a commjon denominator. 

Ex. 1. Reduce <r and a* to surds of the same radical sign. 

The fractions ~, and ~, reduced to a common denominator. 

2 3 

3 A* 

are g and g ; 

.\ a*=tf*"=v'a s , "1 which are surds with the same 
and a*=a*=#a' ; J radicaI si S n ' 

Ex. 2. Reduce 3"* and 5* to surds of the same radical sign. 

a 1 

The fractions ~ and ~, reduced to a common denominator. 

are - and -. 
6 6 

Now 3*=^3 4 =^815 and 5*=^5 3 =^125. 
Ex.3. Reduce a* and fr* ] f Ans. ^a 5 and ^& 3 . 

Ex.4 crandd* ^witbthe'^ . . ..tf&and&d*. 

Ex.5 3^2&2v^5|SiSi*.'. . . 3^4 & 2^125. 

Ex.6 4* and 15* J L . . #256 & ^3375. 

Case 
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Case III. 



VADA lilt 

123. Surds are reduced to their simplest form, by observing 
whether the quantity under the radical sign contains a power 
corresponding to the given surd root, and then extracting the 



root. 



Examples. 



Ex. 1. Va*b= vV xVi=a VA. 
Ex. 2. !J/a*x= Va m x Vx=a Vx. 



Ex. 3. Vj2=z ^36x2=^/36 X </2 = 6\/2. 
Ex, 4. #108= #27X4 = ^27 X #4=3^4. 
Ex. 5. Z/QafF+rfbc^ &a\2b*+d'bc). 

= &<?fob*+a*bc. 



j/* 



vS*b*+(tbc. 



Ex.6. Reduce A/d*6c&\/98 a V 



Ex.7 ^a' + a'b* 

Ex. 8 V56 and ^72 

Ex.9 #243 and^/96. 



to their 

>rimpU*t< 

form. 



'Ans. aV^c & 7a^/Qx. 
. . . a<y l + b\ 

. • . 2^/14 and 2^9* 
. . . 3^3 and 2^3. 



The quantity without the radical sign is called the coefficient 
of the surd ; and it is evident, that this quantity may always 
be put under the radical sign, by raising it to the power denoted 
by the index of the surd. 



Thus, la \/2x= (by Case I.) */7a x la x a/2 x. 

■5 V49 a 9 x #2 x= Vqs<Tx. 
Also, x*/2 a — x *s vV x v' 2 a — x. 

* 

= VV(2 a — x) = i/^ffx^x*. 

Case 



\ 
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Case IV. 

124. If the quantity under the radical sign be a fraction, it 
may be reduced to an integral form by the following process. 

Multiply the numerator and denominator of the fraction 

ly such a quantity as will make the denominator a complete 

power, corresponding to the root ; then extract the root of the 

fraction whose numerator and denominator are complete powers, 

and take it from under the radical sign. 

-n i ' c ' /a* c fcfb 

ExK 2 x vn x VF 

c a / r ac f h 



Ex.2. fxi/^xv/i*- 7 . 
4 V 7 4 V 7X7 

4 V 49 



4 V 49 

4 7- 28^ 



ex.3. Lyi2-'i*y^«-ix»x^/i 

3V 81 3 V 27X3 3 3 V 3 

2 3 /2 
9 V 3 



9 V 3 s 

2 3 /l 

=~X\/_X18. 
9 V 27 

=?xix^l8= — ^18. 
9 3 27 

Ex.4. 
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Ex.4, 



tb */c* 

Reduce x\/ - and a*/ - 



y 

Ex. 5. 



\ / and 2\ / ~ 

V 147 V 4 



Ex.6. 



to integral 

Surds in 

*" their sim- * 

plest form. 



Ans. *Vbv and ^cV. 



\/\ md i\/l 



• • • 



^V6 and //a. 

21 v 



. . . ~^27 and ~>v/2. 
3 V 3 



XXXVIII. 

On the application of the Fundamental Rules of 
Arithmetic to Surd Quantities. 

125. On the Addition and Subtraction of Surds. 

Rule.— Reduce them to their simplest form; and if the 
surd part be the same in both, then their sum or difference 
will be found by taking the sum or difference of their co- 
efficients. 

Example 1. 
Find the sum and difference of 4/lQcFx and \/4a*x. 
By Case 3. Sect. 80. y/l6a t x~4a<Sx, 

and V4a*x=2a\/ff; 
•\ the 5Mm=4a v / a?+2aV r Jc=(4a+2a)x */x*=6a^x. 
the difference^la^x— 2a4/je=(4a— 2a)x ^/x=Qa\/^x. 

Ex. 2. 

Find the sum and difference of y^lQ2 and ^24. 

By Case 3. Sect. 80. -^192= ^64x3 =4^3, 

and ^24= \/ S x 3=2-^3; 
.'. ^192±^24= (4±2) l/$ =6^3 or 2^3. 

Ex.3. 
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Ex. 3. 
Find the sum and difference of \f — - and a/— 

8 1 

The two fractions — and -, reduced to a common deno- 

27 fi 

minator, are — - and — . 

162 162 

Now > v/fiS 88 v/ifiri =l\/i- 
«- ^sVi-<H)v/iV? -VI 

If the surd part be not the tf&m in the quantities to be 
added or subtracted from each other, it is evident that such 
addition or subtraction can only be performed by placing the 
signs + or — between them. 

• « 

Ex, 4. Add V27a*x and V3a A x together . . Answ. 4a* x /3x. 

Ex.5. . . . a/128 and a/72 14<v/2. 

Ex.6. ... ^ 135 and ^40 5 v 5. 

Ex.7» Subtract 3\/ — from 4\ /- — -/15. 

V 27 V 5 45 

Ex.8 ; ^108 from 9-^4 6^/4. 



126. On the Multiplication and Division of Surds. 

Rule. — Reduce them to equivalent ones with the same index, 
and then multiply or divide both the rational and the irrational 
parts by each other respectively. 

Example 
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Example 1. 
Multiply \/a by *£/b 9 or a* by bK 

The fractions - and -, reduced to common denominators. 

2 3 * 

are-, and-: 
6 6* 

/.a*=a*=4/a»; and &=b*=3F. 
Hence JaxJ/b^J <txyV=V<tb\ 

Ex.2. 

Multiply 5-vte by 3^/8* 

5^/5 X 3^/8=3 15^40= 13-\/4 X 10. 

= 15 X 2 X *J lOz=3Q*J\0. 

Ex.3. 
Multiply 2^3 by 3^4. 

By rtductkm, 2>/ 3=2 x 3*=2 x ^3*=24/27, 
and 3^/4=3 X4*=3 X ^ 4*=3^ 16. 
Hence 2^3 X 3^/4=2^/ 27 X 3 ^ 16=6^432. 

Ex.4. 
Divide 2^/tc by 3^"- 
Now 2<tf*c=2 x(*c)*=2^*V, 
and 3 > >c=3 x(«e)*=3^aV; 

. 2^*r_2 y*v 2 y*; 

• % 3V«*~S V «V~3V aV 

Ex.5. 
Drode 10^ 108 by 5^4. 



Now 10>yiOS=r 10^27X4= 10X3 X-y4=30^/4; 
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Ex.6. Multiply ^/15 by ^10 . . . Answer, ^225000. 

Ex.7 1^/6 by 2^18 J/4. 

Ex.8. Divide 10^27 by 2^3 15. 

Ex.9 10A»/l08by 5aJ/84 ^441. 



127- On the Involution and Evolution of Surds. 

Rulb. Raise the rational part to the power or root required, 
and then multiply the fractional index of the surd part by the 
index of that power or root. 

Ex. 1 . The square of ^ a = a = a7 = if a\ 
Ex.2. ... Cube of A yi , =^ x3 =4 5 "=4/t 6 . 
Ex.3. 4th power of 2^/2=16x2 = 16x2^= 16^/10 

[=32^/2. 

Ex. 4. Square root of aV=a* * V X *=a*6*. 

Ex.5. Cube root of -v^s-x 2 =~x2 T =~^2. 

8 2 2 2 

Ex.6. Square £/5 Answer, ^25. 

Ex.7. Cube -4/3 iv/27. 

2 8 

Ex. 8. Find fourth power of - V6 . . — . 

r 6 36 

Ex.9. . . . square root of 9 %/ 3 • • 3 v^ 3 » 

Ex. 10. . . . fourth root of — J/ a 9 . . -tya. 

81^ 3^ 

Ex.11. . . . fifth root of — xf-Y . . -^ 1 . 

32 \a J 2^ a 3 

Z 128. From 
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128. From the preceding rules we easily deducethe method 
of converting fractions whose denominators are surd quantities, 
into others whose denominators shall he rational. Thus, let 

both the numerator and denominator of the fraction '-— be 

multiplied by v/r, and it becomes ** ; and by multiplying 

x 

the numerator and denominator of the fraction 3 by 

V(a+xY or (a+x)» it becomes ^±fj . •- *(«+*•) . r 

^(a+xf a+x 

in general, if both the numerator and denominator of a fraction 

a a£/x n/ ~ m ^ 
of the form n p be multiplied by ^/x*"* 1 , it becomes — y. , 

\/x x 

a fraction whose denominator is a rational quantity. 



XXXIX. 

On the method of finding Multipliers ivhich shall render 
Binomial Surd Quantities Rational. 

129. Compound surd quantities are such as consist of two or 
more terms, some or all of which are irrational; and if a quan- 
tity of this kind consist only 6itwo terms, it is called a hinofmial 
surd. The rule for finding a multiplier which shall render 
a binomial surd quantity rational, is derived from observing the 
quotient which arises from the actual division of the numerator 
by the denominator; of the following fractions. Thus, 



i. y-=x n ~ 1 -\-x n ~*y+x 9r ~ a y +&c,..-f y""" 1 to n terms. 

whether n be even or odd. 

ii. Xn ~ y =x"- 1 ,— x n -^2/4-^ w " 9 y 9 — &c.,.— y*~ l to n terms, 
when n is an even number. 

III. x* + 
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hi. — -t^rsx^ 1 — x"^y+x l ^ : y--&c...+y ,l '~ l to n terms, 
when n is an odd number (a) . 

130. Now let x*=a, y n =*b, then x = jya, y = jyft, and 

these fractions severally become -r- ~, . and 

J t/a-l/b 9 X/a + i/b 

n n . ; and by the application of the rules in Art. 68, 

dJ Q, -j" j^ 

126,127, we have x"- l = J^a"- 1 ; x B - 9 =Va M j x*-*s* 
Va*-*, &c; also, y*=zyb*; y s = ^J 3 ; &c; hence, a? "y 
= ^a*-^ x 7i = Z/a^b; x n ~*y* = ^a"-* x 76* = 
^a*~ 3 Z' , j &c By substituting these values of x"" 1 , x*"""y, 
x n ~^ i y* 9 &c. in the several quotients, we have 

-^^Zl* = ^ a ^i + y a «i + ^ a «4 , +&c +^J«-* 

va — vti 

to » terms \ where n may be any whole number whatever. 

And 

Jt^^^=y a *-i-yar*b+ya«-'b % +&c ±<^i-' 

ton terms; where the terms b and ^i*~ l have the sign +, 
when n is an odd number ; and the sign — , when n is an even 
number. 

131. S&ice 



(a) For ,. tt, +|| efZ^-^ + jy+y.; *=* = *>+*, 

x—y x—y x—y 

n» 7 V =*— y; — ~-=« 3 — j^y+jry^— y 3 ; &c. 
x+y *+y 

#i-y *+y *+y 

— tfys+y 4 ; &c 
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131. Since the divisor multiplied by the quotient gives the; 
dividend, it appears from the foregoing operations that €€ if 
"a binomial surd of the form Z/a—l/b be multiplied by 

"V fl ""' + y fl "' 8i +!I/ an " 3iJ + &c... + 7i»- 1 (n being any 
st whole number whatever), the product will be a— b, a rational 
€€ quantity; and if a binomial 6urd of the form Z/a+f/b be 
» multiplied by ya n ~ l -Z/a'~b + i/a*-'b*-&c....±Z/b*-* f 
" the product will be a +b or a— b 9 according as the index n is 
" an odd or an even number." The great use of this rule is, 
" to convert fractions having surd denominators, into others 
" which shall have rational ones ;" of which the following are 
Examples. 

Exam. 1. 

Reduce and — — to fractions having ra-» 

a—</x i/8 + ^3 

tional denominators. 

Since " the sum into the difference of two quantities gives 
the difference of their squares" it is evident that these fractions 
may be reduced to others having rational _ denominators, by 
multiplying their numerators and denominators by a+ Vx and 
ts/8— ts/3 respectively, without the formal application of the 
rule. 

Thusx(a + </x)=ax+x x /x } by which means the fraction 

\ ax -f" x i/x 

and (a- v / *)(a+ v / a;)=fl , -a;l is reduced to 5 — — . 

j a — x 

Again y/6 (a/8 - a/3) = v /48 - V 1 8 = (Art. 1 23) 4^3 - 3 ^/2, 

and (a/8-|- a/3)(\/8—V3)=^8 — 3 = 5 j 

and the fraction is reduced to — . 

5 

Ex. 2. 

Reduce = to a fraction with a rational denominator. 

^/3-^2 

To 
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To find the multiplier which shall make #3 —VQ rational, 
wehaven=3,a=3,i=2; r.^/a n " l + ^/a n ^b+^/ Ip-H*)** 

Now 2(J/9 + f/6 + f/4:) = 2t/9 + 2j/6 + Qj/4 f 
and (V3-^2)(^9 + Ay6 + ^4)=(a-i) 3-2 = 1; 

•% the denominator is 1, and the fraction is reduced to 2^9 

Ex.3. 

Reduce * — to a fraction with a rational denominator* 

Here n=3, a=x, J==y, the sign of \/b is -f, and nan odd 
number; .'. the multiplier is \/a*- x ~ f/ (r-*b + yb*- l =Z/x* 

— jfxy + \fy % \ Hence the fraction required is ^- } 

Ex.4. 

Reduce 3 — to a fraction with a rational denominator, 

4/5+^3 

Here n=4j a=5, 1=3, the sign of **/& is -f, and n an 

wen number, .*. the multiplier is £/a n ~ l — *y a 11 -* b + tf a" -9 A 9 

- ^/ &«-» = ^/ 1 25 - ^/ 75 + >y 45 - </27. Hence the fraction 

required is (^V) (* 1M ~ f 5 + j 49 ~ f* 7 ) 



1(^125-^75 + ^/45-^27.) 
2 



XL. 



( a ) The number of terms of the general series to be taken, is always equal 
to ft/ in the present instance, therefore, the number to be taken is 3; 

and so in all other cases ; recollecting that the last term is always \/b*- x * 
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XL. 

On the method of extracting the Square Moot of 

Binomial Surds. 

132. Let k/x and >s/y be two irreducible quadratic surds, 
then their product s/xy will also be an irreducible quadratic surd. 
For, if possible, let Vxyxzz where z is some rational number; 
then xy=z\ from which it would follow that the prdduct of 
any two numbers must necessarily be a square number ; but 
thatonlyhappenswhenthetwo numbers are the first and third 
of three numbers which are in continued proportion. 

133. Next, let </x+<Jy be a binomial quadratic surd, each 
of whose terms is an irreducible surd. If this binomial be 
squared, the result is x -f y -f- 2 Vxy, a quantity, one part of which 
is rational and the other (by Art. 132.) an irreducible surd. 
Let the rational part = a, and the irrational *=</ b 9 then it 
appears that every binomial quadratic surd whose square root 
can be exhibited under the fornn/as-fVjk Jnustbe of the fofra 
a + */b; a being a rational quantity, and i/bzn irreducible surd. 

134. The square root of a rational quantity cannot be partly 

rational and partly irrational. For, if possible, let-v/ x = a ± Vb 9 

where ^/b is an irreducible surd ; then x==a*+b±Qa^/b J and 

jc— /z* — b • 

</b = + a rational quantity. But, by the supposition, 

±2a 

>/ b is an irreducible surd ; hence >/# cannot be* expressed under i 

the form a+ »/b. In the same manner it may be proved, *rhat 

the square root of a rational quantity cannot be equal to the sum 

or difference of two other quadratic surds. For, if possible, 

x~~ a~— b 
\et x /x=s K /a±\/b 9 thenxz=xa + b±Q > /ab,iindVQb=z — -7-- — , 

which is impossible by Art. 132. 

1 35. In any equation x -f \/y =a + ^/b, consisting of rational 
quantities and irreducible surds, the rational parts on each 
side are equal, and also the irrational. For if x be not equal 

to a, let x=a±m, then fliJ»+Vy= 5fl + V^> or ±*».+ \/y 
= </£, i.e. is/Zr is partly rational and partly irrational, which 

has 
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has already been proved to be impossible. In a similar manner 
it may be shewn, that in any equation Vx+Vy=zVa+Vb 
(where */x and \/a 9 ^/y and */ ft, respectively involve the same 
irreducible quadratic surd) *Jx must be equal to ^/a, and \/y 
to \/ft. For if Vx be not equal to Va, let it be equal to Vm; 
then \Zm + \/y=\/a + \/b 9 or ^mszi/a + 4/b — yfy; but 
since */b and ^y contain the same irreducible surd, t/b — ^y 
may be expressed under the form pv'y, ,\ Vm='Sa+p A /y 9 
which is impossible by Art. 134. 

136. To find the square root of the binomial quadratic surd 
a+V*- Assume \/x + \/y=*Ja + s/b, then x + y + 
2iAry = a+ v^ftj .'. (by Art. 134.) x+y = a, and Qy/xy 
=i^/b; hence x* + 2xy + y* = a* (A), and 4xy = b (B); 
subtract (B) from (A), then x*—2xy+y*=a*—b, and x— y 
= W— ft ; we have therefore, 
x+y=a \ 2#=a+vV^T,and x= la+^s/lf^Tl 



1 m 2x=a+\Sc?—b 9 
i\ ' *2y=a — v^a*— b 9 



#— y= VV— ftj' *2y=a — v^a*— ft,andy= £a— ivV— ft. 

Hence Vx+Vy^+jb a+ i ^a 4 -H\/ £a — £ \/a a — ft* 
an expression which can evidently be of the form */x+Vy 9 

only when \/a*—b is a rational quantity. The square root 
of the binomial surd quantity a+^b can therefore be ex- 
hibited under the form Vx+ Vy only when a*— ft is a square 
number. By a similar process it might be shewn that the square 

root of a-Vft is ^/ £ a + i */a'- ft -^ J a— J i/a'-ft, 
subject to the same limitation. 

Example 1. 

What is the square root of 19 + 8 V3 ? 

Here a= 19 / Q . * , --3 — j mmk 

«/b—8</3 \ •'•« — i=36l "" 1 92=l69,and^a — ft=l3. 

Hence J^a* ivV-ftW£a-i yV-ft=\/-^+H 

▼ 2 2 

+ \/^— j=Vl6 + ^3=4+^3. 

Ex.2. 
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Ex. 2. 

Find the square root of 12— </l40. 
Here a= 12 



n ,.*A .'.a*— J= 144 — 140=4, and s /a % —b=2. 
^0 — \f 140j 

Hence Vi«+ii / 'a i -/i--N/}a--Ji/a l: ^'=\/6+l- 
^6-1=^7 — \/5. 

Ex. 3. 

Find the square root of31 + 12A/— 5> 
Here a = 



or 



^=-720 J " 41 * 



„ . . I .-.a*— 6=961 + 720= 1681, and vV— b 

vc=l2v— 5 * 



Hence Via+4 V a"-*+ V*o-i V a "-i=* /ii+li 

V 2 2 

V 2 2 

Ex. 4. Find the square root of 7 + 4v^3 . Answ. 2 + ^/3. 
Ex.5 7-2</lO . . . V5-V2. 



Ex,6 I8-IO/-7 . . . 5— V r "7» 
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CHAP. IX. 

ON 

Thb INVESTIGATION of the BINOMIAL THEOREM; 

AND ON THE 

EXPANSION AND REVERSION OF SERIES. 



Jl rbvious to the investigation of the Binomial Theorem, 
it is necessary to explain the manner of finding the number of 
permutations or combinations which can take place amongst 
any set of quantities. 

XLI. 

On Permutations and Combinations. 

137. By Permutations are meant the number of changes 
which any quantities a % b, c, d, &c. may undergo with respect 
to their order, when taken two and two together, three and 
three, &c. &c. Thus ab 9 ac, ad, ba 9 be, bd 9 ca 9 cb, cd 9 da> 
db 9 dc 9 are the different permutations of the four quantities 
a 9 b 9 c 9 d> when taken two and two together ; abc 9 acb 9 bac 9 
bca 9 cab, cba 9 of the three quantities a 9 b 9 c 9 when taken three 
and three together ; &c. &c 

* 138. By Combinations are meant the number of collections 
which may be formed out of the quantity a 9 b 9 c, d 9 e 9 &c. 
taken two and two together, three and three together, &c. &c. 

2 A without 
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without having regard to the drier in which the quantities are 
arranged in each collection. Thus ab, ac, ad, be, bd, cd> 
are the combinations which can be formed out of the four 
quantities a, b, c, d, taken two and two together; a be, aid, 
acd, bed, the combinations which may be formed out of the 
same quantities, when taken three and three together ; &c. &c 

139. Let there be n quantities, a, b, c, d, e, &c., then, by 
Art. 137, it appears that there will be (« — l) permutations 
in which a stands first ; for the same reason there will be 
(»— l) permutations in which b stands first; and so of 

c, d, e, &c. Hence there will be n times (n— 1) permutations 
of the form ab, ac, ad, ae, &c; ba, be, bd, be, &c; ca, cb, 
cd, ce, &c; i.e. "the number of permutations of n things 
taken two and two is 71(71— l)." 

140. If these n quantities be taken three and three together, 
then there will be n(n — l) (n— 2) permutations. For if (n— 1) 
be substituted for n in the last article, then the number of per- 
mutations of n — 1 things taken two and two together will be 
(71 — 1 ) (71 — 2) ; hence the number of permutations of i, c, d, e, &c. 
taken two and two together,are (ti — 1)(w — 2), and consequently 
there are (ti— l)(n — 2) permutations of the quantities a, i, c, 

d, e, &c. taken three and three together* in which a may stand 
first; for the same reason there are (ft— l)(n+* S). permutatious 
in which b may stand first ; and so of c> d, «, &c. . The nusobere 
,of the permutations of this kind will therefore ampu$t to 
71(71— l)(n— 2). 

141. In general therefore it appears, that if the number of 
quantities be n, and they are taken ra and m together, the 

number of permutations will be n(n— l) (72— 2) &c 

(7Z— m+ l); and if 771=71, i.e. if the permutations respect all 
the quantities at once, then (since m— n=o) the number of 
them will be n(w — l)(w — 2) &rc 2.1. Thus, the number of 

permu- 
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permutations which might be formed from the letters composing 
the word " virtue" are 6 x 5 x 4 x 3 x 2 x 1 = 720. 

142. But if the same letter should occur any number of times, 
then it is evident that we must divide the whole number of 
permutations, by the number of times the permutations are in- 
creased by having different letters instead of the repetition of 
the same letter. Thus if the same letter should occur twice, then 
we must divide by 2 x 1 ; if it should occur thrice, we must 
divide by 3x2x1; if p times, by 1.2^3... p\ and so for 
any other letter which may occur more than once. Hence 
the general expression for the number of permutations of 
n things, of which there are p of owe kind; r of another; 

q of another; &c. &c. is — ± '— ^ ^— - — . Thus 

1.2.3..pX^2.3..rx 1.2.3..</ 

the permutations which may be formed by the letters com- 
posing the word {C easiness" (since s occurs thrice, e twice) 

8.7.6.5.4.3.2.1 nnCtnk 
are — = 3360. 

1.2.3.X 1.2 

143. From the expression (in Art. 141) for finding the 
number of permutations of n things taken m and m together, 
we immediately deduce the theorem for finding the number of 
combinations of n things taken in the same manner. For the 
permutations of n things taken two and two together being 
n(n— l), and as each combination admits of as m&ny permu- 
tations as may be made by two things (which is 2 X l), the 
number of combinations must be equal to the number of per- 
mutations divided by 2 ; i. e. the number of combinations of 

?2 (n — 1 j 
n things taken two and two together is <. — . For the 

same reason, the combinations of n things, taken three and three 
together, must be equal to — ^ '^ n ~~ ' ; and ii\ general, the 

combinations of n things taken m andm together must be equal 

n(n — l)(n— 2)....(n— m+ l) 
to ■ ■ ■ ■ ■ •• 

1.2.3....?n , 

XLII 



jr . 
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XLII. 

On the Investigation of the Binomial Theorem. 

144. In Chap. III.it was shewn, that, by raising the successive 
powers of (a + b) in the ordinary way of multiplication, the 
nth power of a + b might be exhibited under the form a % +rur- l b 

4-_ ^ ^j»-«^«^-^ a / a l> -ty'+&c. For the mves- 

1.2 1.2.3 

tigation of this Theorem, let us suppose the quantities, (x+a), 

(pc+b), (x+c), (x+d), &c. multiplied together, as in the 

following Table. 



x+a 
x+b 



x*+ax 
-f ix+ai 

x a +(a+i)x + a£==(x + tf)(x + £) 



x J +(a+fl)x'+aJ.x 

-r-c.x a +(ac+Jc)x-f aflc 



x 3 +(a+^+c)x , +(at+ac+ic)x + aic==(x+fl)(x + /0(^-N r ) 



jf 4 4-(a+J + c)x*+(aJ+0c4-ic)a;*+a^.x 

+dj? + (ad+bd+cd)x* + (abd+acd + bcd)x+abcd 

a;*^(a + b+c+d)a?+(ab + ac+ad^bc^bd+cd)x i + (abc+abd^acd+l<^ 
+abcd=i(x+a)(x+b)(x+c)(x+d) 
&c. &c. &c. 

145. By the mere inspection of this Table, it appears 

that if there had been n quantities a, b, c, d f e y &c. then the 

first term of the product would be x"; the second Px"- 4 , 

where P=(a+t+6-fd-f e), &c; the third Qx"- 2 , where 

Q= 



BINOMIAL THEOREM. 181 

Q=z(nl+ac+ad+ ae+be+ £d+&c.); the fourth #x"- 3 , 
where.R=(a6c-f a#d-f acd+ace+bcd+ Jce+&c); thewth 
term S«"^* +l , where Sr=sum of the combinations of any m— 1 
quantities; &c. &c. ; and the product itself would be ex- 
pressed by x*+ Px n ~ % + Qx"-f fix— 8 + Sx*— + ». 

146. Now P consists of the sum of all the quantities a, £, 
c, d, e y &c. the number of which is n ; Q of the sum of the 
combinations of any two of those quantities, the number of 

which (by Art. 143) is — ; R of the sum of the com- 

binations of any three of those quantities, the number of which 

. n(n— 1)(»— 2) , _. . , . , . . . 

18 i~o"a 5 anc * " °* tne sum °* tne combinations of 

any (m — \) of those quantities, the number of which is 

w(n— l)(w— 2)....(k— ?n-h2) 
1.2.3 .... (m— 1) 

147. Let a=£=c=d=e, &c. then (x+a)(x+i) (x+c) 

(x-f-d), 8cc. becomes (x-f a)", P becomes na, Q becomes 

n(n-l)« a n(fi-l)(»-2) , . , , 

- ; R becomes . Q Q a% and 5 (the coeffi- 

• * r^ *n \i n(n — 1)(/2— 2)...(ra — m-f2) „ . 

cientof the mth term) becomes — - - tf"^ 

1.2.3...m— 1 

148. From hence it appears that (x+fi)*=(x*-f Px"" 1 

+ Qx ,w +iZa?»-3 +Sx"~^ +r =) x"+wax*"- l + 

*i(»— l) ,_, w(n-l)(?z— 2) , 

2 1.2.3 



, *(»-!) (»-g) (w-m4-9) x%l _ m+l # 

1.2.3 (w-l) ' 

and (preserving the notation adopted in Chap. III.) we 

i , ,v , u(w — l) ,« « 
have(a+#)»=a*+wa— l £+- i — — a*-** + &c • 

1.x 

1.2.3 .... (m — l) 

149. From 
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149. From the inspection of this series it is evident, that if 

n be a positive whole number, it will terminate after (a-M) 

terms ; for let m = n -f 2, then n — m -f 2 = 0, and consequently 

the coefficient which involves the factor (»— m + 2) vanishes. 

Let wi=»-fl, then n—m-r- 2=1, n—wi+ 1=0, and w— 1 

i_ / . , lv / j a* • n(n— l)(n— 2). ...3.2.1 
= n; .*. the (n-f 1th) (or last) term is -* -^ ^ -y- 

1.2*3 • .. • (W* 1 " • 1^ ft 

a°b* or 6". If n be fractional or negative, the series will not 
terminate, and in this case the value of any expanded binomial 
can only be expressed in the form of an infinite series. 

150. If in the series expressing the value of (a -f b) n , for b we 
put — I, then those terms which involve the odd powers of b 
will be changed from -f to — ; Hence we have, 

{a + b)- = a- + na-'b + n i^W + "fr-'fo-'W + &c. 

I and (a-b) H =a n — na»- l b + — 'a"-*/* * 1± 'a>-*P + &c 

v ; 2 2.3 



.\by addition, (a + b) n + (a— i)*=2a*+w(w— l)«"- a A* + &c. 
or i(a -f 1)- + i(a - £)"= a" + fl ^ w "" 1 ^ £* + & c . 

2 

by subtraction, (a + 6) n - (a - J) tt = 2rca— ! J + ^ w ~~ ^ V-«P -f &c 

or ■£ (a + £)" - £(a - b) n = rca*- 1 J + • ' ^ • a— s i ? -f &c. 



131. Let a=l, 6=1, then (a-f 6)»=(i + l)"=2"; and 

since the several powers of a and b are, in this case, each of 

n(n~l) , 71(74— 1)(»— 2, 
them equal to 1, we have 1-fw-f — 1 — r-^ r 

&c. = 2 n , i. e. the sum of the coefficients of the nth power 
of any binomial is equal to that power of ,2 whose index 
isn. Thus, for the square, 1+2+1=4=3*5 for the cube, 

1 + 
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1+3-f 3+ 13x8=2*; for the fourt h power, i +4+6+4+ i 
= 16=2 4 ; &c. &c. If a=l, £= 1, in the expression 
(a— J)*, then (l — l)*=0, which shews that the sum of the 
positive coefficients of (a— b) n is equal to the sum of the 
negative ones. 

xun. 

On the Expansion of Series. 

152. It has already been observed (Art. 149) that when n is 
a negative number or a fraction, then the series expressing the 

value of (a + I)* does not terminate. Let »= — , and substitute 

r 

vn 

— for n in the series (Art 148); then 



2 in 



a + 6> = a' + 7 a' £ + a' 4+ — 

a'~~ 3 A 3 +&c. 

"" a ~r"V 2/" V' 2.3.^ 



(»» 



5/ m ib\ m(m—r)/b*\ m(m— r) (w— 2r) 

==a 'V 1+ 7Vfli+~^F _ l5'} + TJy 



.Q +&c -) 



which is a general expression for finding the approximate value 

of 

( a ) This series is derived from the preceding one, by resolving the powers 

m 

a a 



of a into two factors; thus o r =a r X« =:a r X-= — ; « r =a 



' — a » . ^ r 



X a =a r X— =— • See the Articles at the end of Chap. III. 



o 9 a a 
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of any binomial sard quantity, — being either positive or ne- 
gative, and m and r any whole numbers whatever. w 

Exam. 1. 



Find the approximate value \/(?+af or ?+x1t» 
Here a=z(? "J • 

wt(m— r) /&\ _ l(l -3)^ x* 

w(m— r)(f»— gr) /y\ _ l(l— 3)(l — 6) /x*\ _ 53? m 
2.3r* V' 2.3.3* \<*'~3\<? ; 

Hence <^P=c(l + ^«^ + ^- & c) 

Exam. 2. 

Rod the vdue of _^= or -_^_ or J (*+*)-*. 

*=X- I .••«'»(0^-^--; 

m=-l N/^.l/x*) _x*. 
r=2 J rV ^■?/ SB ' 2?* 

«(m-r) iy\ _ — 1(— 1 — 2) /x*\ _ 3x* # 

m(m— r)(m— 2r) /y v — l (- 1 -2)(— 1— 4) (x*\ 5xV 

2.3r* V/~~ 2.3.2* V/"" «*.^ ; 

Hence 



(») The proof of the Binomial Theorem, as siren in Sect. XLI1. goes 
upon the supposition that a b some positm whole somber. To prove 
the truth of this Theorem when a Is mtgw t h* or fr m cti m m l, requires •spe- 
cies of analytical investigation not well adapted to an Elementary Treatise. 
For a general demonstration of it, the Render is therefore referred to 
Bon* ycastle's /#<resr«s Vol. II. page 169. 
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H-C+f -('-£+£-£+«-) 



d d( t x* . Zt& 3x* ,« \ 

Exam. 3. , 
Find the value of . , x« or (c+x)~* in a series. 

l C ~j* Xj 

0=X I c 






w/J\ 2x 

7W" — * 



(m-f) /y\ -g(-2-l) /a?V Sg' t . 
2r* V/"" 2 \?/ c* ' 

wt(m— r)(m— gr) /t 3 \ — g(— 2 — 1)(-9— gV a^x 4ar\ 
8.3r» V/ 2T3 V/-~-?" ; 

Exam. 4. 

Find the value of (c f — x 1 )* in a series. 

Herea=c* 1 » . M 

m=3 [ m / b \^ 3 /— jj\ — 3x* . 
r=4 J-rW 4\ c f / ""FT?' 

2r 9 VaV 2.4* VcV 2 5 .<*' 

m(77t-r)(m-2r) / J\ ^ 3(3-4)(3-8) / x\ __ 5x 6 . 
2.3r* U 8 / 2.3.4 3 V ?/ 2 7 .C 6 * 



&C.9B&C. 

r 6 
2 B 153. Now 



/ » «v* /^/, 3x" 3x 4 5x 6 * \ 
Hence (c*-*«) =Vc»(l--„-^---,-&c.) 
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153. Now let m=l, then (a + A) F =(a + A) r = v^o+t; 
and a r = />[/«; hence the series in Art. 152 is transformed into 

(l—r)(l — 2r\(l -3r)/b 4 



2.3.4r 4 



(|)+&c)(^). 



Let as i, £= l, then * 

yj-t , I i 1-r (l^r)(l-gr) (i-r)(l-8r)(l-3r) 

+ 8cc. (B). Thus 

if - »u /» . , ! 1 . 1 5.7 3.7 , 3.11 « 

3 3 ^ 3* 3^ 3" 

By means of the series marked (A), the rth root of many 
other numbers may be found, if a and b be so assumed, that 
I is a small number with respect to a, and j/a a whole 
number; thus, 

> 

Example 1. 
Let a=4, b=l, r=2, then Va=:V4=2, and we have 

Exam. 2. 

Let a=8, #=1, r=3, then ^0=^8=2, and we obtain 

4/8TT»^9=s (1+ J-- * + ^_1^ + &c.) 

Exam. 3. 
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'■•' • Exam.?. - 

Let as=8, 6=? — 2 X r=3.< then — = — ^=— -* and we have 

a 8 4 

The several terms of these series are found by substituting for 
a, by and r their values in the general series marked (A) or (.B), 
and then rejecting the factors eommon to both the numerators 
and denominators of the fractions. Tjius, for instance, to finfl 
the seventh term of the series exhibiting the value of *J% 9 
we take the 7th term of the series marked (B), which is 

(1— r)(l-2r)(l~3r)(l-4r)(l-57-) , . 

v ^ ^ ^— ^ -: and since r=2 f the 

2. 3.4. 5. 6r* ' 



fraction 



£.3.4.5.6.2* 2.4.6.2* V 6 2/ 

3 7 3 7- 

: = '—. To find the 5 th term of the series express- 



2.4.2. 2 h 2 



ing the approximate value of ^9, we take the 5th term of the 

general series marked (A), which is ' "^' " f ii " ,g 

2.3.4r 4 

/-V where a?=8, A=I, and r=3; .\ the value of the 



- v . 2.5,8 /I\ 
traction is — if-J — — 



2.5 2,5 



2.3.4.3*V8V 2.3.4.3\8 J 3.3 4 .8.8 

—- U^ — . In this maimer each terrh of the several series is- cal- 
3 s . 8 4 

culated;. and the law which they observe is, that the numerators 

of the fractions consist of certain ^combinations of prime numbers, 

and the denominators of combinations of certain powers of 

a and n. 

154. These series converge very fast, «o that a few terms 
would give the rth root of certain numbers with a great degree 
of accuracy. But a more practical method of finding the higher 
ropts of such numbers, is, by making the number whose root ft 

to 
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to be extracted equal to. a r +h 9 and then assuming a+x= 

Ja r +b 9 x being some decimal fraction j for in this case {a +x) r 
sx(f+b, and by expanding (a+x) T and neglecting all the 
powers of x after x* (being very small compared with the pre- 
ceding ones) we hare 

•\ rd^x+rf—— )a r -*x*&sb (A) an equation 
from which the value of x may be found in two ways. 

I. By arranging the terms, and dividing by rL-H-]a r -*, 
we have *'+*££= ** - 



r — 1 r(r— l)***-*' 
. • , Qax a* 2b a" 

and by solving the quadratic, 



o_ / g& g* 

X ~ r-I + V r(r-l)a M+ (r-l) a " 

Hence ^a r +*=fl+x=^^a+4/ 2 ^ + a 

which is H alley's Rule, {Philosophical Transactions, 1694). 

II. From equation (^4) we have x(rdr~* + rf^^\a^x\ =s 6, 



• . X — *■* 



By a/?r$* approximation, neglecting the term which involves*, we 
have x=s — — • substitute this value lor x in the fraction — — 



(•+4'-)' 



and we obtain a second approximation which 
2 ' gives 
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h , 1 



ives x= /* j — \ . 



and v 



r — — — — 1 

,«*+*=«+*=« + — •___-\. which is 

the Rule given by La Croix (CompUmens d'Algtbre), and 
ascribed to Lambert. 

Exam. 1. 
Find an approximate value of the cube root of 67. 
Now 67=64 + 3=4* + 3; .'. a=4, £=3, r=3; hence, 

Mi 1ft 

by the j£r\rt method, a+x=-a + k/ — -f— , or ^67 = 

2 + y/-+4=2 + 2.0615=4.0615. 

Exam. 2. 
Find an approximate value of the fifth root of 30. 
Jlere 30=32— 2 = 2 5 -2; .\ a = 2, fl= — 2, r=5; hence, 

by the second method, a+x=za-\ f j-\ , or 



5«\ a + lL) 



5,— - * X - A „ 4 310 



V en/ 



^ 30 = 2 -i5( 7-T r 2 -I3?=T37= U9745 ' 



80 

The method of finding the rth root of certain numbers as 

exhibited in this and the foregoing Article, is a matter rather of 

curiosity than practical utility, as the rth root of any number what* 

ever may be found with great facility by means of Logarithms. 

This method would be useful, however, in an operation where it 

was required to express this root in the form of a vulgar fraction ; 

as in the last Example, where we obtained the approximate value 

310 
of the 5th root of 30 in the shape of the fraction . 

r 157 

XLIV. 
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XLIV. 

On the method of finding the aftyroximate Ratio of 
the Powers and Roots of Numbers whose Difference 
is small. 

155. Let a+x and a be two numbers whose difference is x, 

then (a+xY:a*::a*+ncr>x+ 7 &^ a~*V^^^ 
v ' 2 2.3 

a"" 3 x 3 +&c. : a":: (dividing each term of the ratio by a*- 1 ) 
a+nx+ n ±^( x 2)+*?-- l )( n -* ) (^) + &c. : a. . 

8 \0/ 2.3 v O ' 

156. Suppose now that n is not a large number, and that x 

x* a? 
is very small when compared with a, then the fractions — , --, &c. 

i a . a 
will be small also, and those terms in which they are involved 

will be very small when compared with the integral part a+nx 
of the series ; in this case, therefore, the ratio of (a+x) m ; a" 
approximates to the ratio of a +n x : a. Thus the ratio of 
(a-f x)*:a* approximates to the ratio of a-f-2x: a; of (/r+x) 3 
: a 3 to the ratio of a-f 3x : a ; &c. &c. ; or if n= J, y, &$ 
then the ratio of sja+x : a approximates to the ratio of 

a-f hx : a ; of v^a -t-x : a to the ratio of a+$x : fl ; &c. &c. 
For instance, the ratio of the square of 501 to the square of 500 
(in which case, a=500, x= 1. w = 2) is 505 : 500 very nearly; 
the ratio of the cube of 62 to the cube of 61, is 64 : 61 very 
nearly ; &c. &c. Again, the ratio of the square root of 501 
to the square root of 500 is 500 J : 500 ; and of the cube root 
of 103 to the cube root of 100, is 101 : 100, very nearly. 

157. If the difference between the two numbers is not very 
small when compared with the numbers themselves, then the 
three first terms of the series must be taken instead qt tu)o, in 
which case the approximate ratio of (a + x)* : a" becomes that bf 

a + nx + -±—- — -(— ) '• a. For instance, let it be required to 

find 
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find a near approximation to the ratio of 4/11 : 4VIO, then 
a =10, x=l, 72=-, and the approximate ratio becomes that 

of 10+ - — l - : 10, or of 900 H- 30-1 . or ^ g # 

3 90 90 

By the Theorem in Art. 156, this approximation would be 
lOi : 10, or 31 : 30, i.e. 930 : 900. 

XLV. 

On the method of extracting the nth Root of a 
. Binomial Quadratic Surd. 

158. Let x+Vy b® an y binomial quadratic surd, in which 
x is a rational quantity and ^/y an irreducible surd, then 

(x + </ y)* s x n + nx"-*</y + n.^-±x n —y + «"• — -.^-^ 

2 2 3 

sr^y^y -f &c. (PJ. Let the sum of the rational terms in the 
series (P) be equal to a, and of the irrational = p s/ f y =s 
(Art,121.) y'p'y, which maybe expressed in the form y/b, 
*Jb being a quadratic surd containing the irreducible surd \/y. 

Hence (x-f */#)"= a +V6, and f/a+ Vbz=x+yy; if, 
therefore, the ?2th root of a quadratic surd of the form a-\-\/b 
can be extracted, it may be expressed under the form x+y/y, 
whether n be an odd or even number* 

• 

159. Let a/x4- */y be a binomial quadratic surd, in which 
\/x and Vy are irreducible surds, then (</x.+ */y) n s= 

x*+nx * </y+n— —x * 2/ + n.~^— "l - "* 51 y^y + ^iQ). 

If n be an ei/era number, then the 1st, 3d, 5th, &c. terms of the 
series (Q) are rational, and the 2d, 4th, 6th, &c. irrational, 
and (v/x+ \Zy)* may (as before) be expressed under the form 
a+Vb, where V£ is a quadratic surd containing the irre- 
ducible surd \/y. Hence (\Ar -f y/y)*—a 4- V'i, or </ a -f Vb 

=Vx 



192 EXTRACTION OF THE nth ROOT. 

szj^x+Vy; and, if the nth rootofa+\/b can be extracted, 
it may be expressed under the form ^/x+ Vy. 

ft 7l~~~ 2 

1 60. If n be an odd number, then - , ■ , &c ^refractions, 

s s 

and , , &c. t</AoZtf numbers; hence the 1st, 3d, 5tb, 

2 2 

&c. terms of the series (Q) will be surd quantities involving Vx, 
and the 2d, 4th, 6th, &c. terms, surd quantities involving Vy; 
the series may therefore be expressed under the formpy/x+qVy 
z=zVp*x+s/ q*y* or under the more general form +/a+Vb, 
where */a and Vb are quadratic surds involving the irreducible 
surds Vx and <s/y respectively. In this case, then, (y/x+^yY 
t=^a+ i/b 9 or *tf <s/a+ 4/b^Vx+^y ; and consequently, if 
the nth root of Va+Vb can be extracted, it may be expressed 
under the form j/x+ vty* 

161. From hence it appears that the nth root of a + */b may 
be expressed under the form x+ \/y 9 whether n be an odd or 
an even number; that the nth root of a+Vb may also be ex- 
pressed under the form Vx+ s/y> when n is an even number; 
but that the nth root of ^/a + Vb can be expressed in the form 
of a binomial quadratic surd only when n is an odd number, and 
then under the form Vx+Vy* 



162. Suppose now that *Z/a+Vb=sx+\/y> then a ++/bss 
(x+^y)*=x n + nxr~ l ^y + n. 7 lIl-ary+n.!tZ-. .^— or* 

n— 2 
y v /y-}-&c. ; /.by Art. 135, a—&+n. x**y+lkc* and 

2 

n~* 1 n~ * 2 
t/b = nx*- l <Sy •+• n. . xr^y^/y + &c. j hence a—</b 



» 



-x"— nor-Wy + n™ — tf-'y— n.- — L* — ? ar^y^y -f-&c. 



=s(x— vty)** or^J/ a— \/b=x— \/y; from which it appears that 

if <Z/a + */b~x+y/y, then will v^a— \/0=a;— Vty- 

163. Let 
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163. Let A J/V' a + vr * : =v /x +Vy fa being »« <*W number),. 

». : . afTy^y -f-&c.; hence by Art. 135. (since Va is 

a quadratic surd involving s/x, and */b a quadratic surd in- 



» « — l r2 « 

volving a/j/) Va=x* +n.——x * y + &c. and </b=znx • v^y 

n— -1 n— -2 ^ * ?=» 

•*».— — .— — x * yVy+&c.j ••. Va— a/&=x« — nx » v/y 

2 3 

»— 1 "-Z* 72 — 1» — 2 •■=! a 



or ^/Va—Vb=z\/x—xfy; from which it follows, that if 
s/<Ja+*/b=z*/x+</y, then *tf */a—Vbssx?-Vy. 

164. Suppose now that A + B is a binomial quadratic surd, 
<me or both of whose terms is irrational, then, from what has 
been shewn, it appears that if A and B are both irrational, the 
nth root of A+B can be extracted only when n is an odd 
number; but if A be rational, then the nth root of A+B may 
be extracted, whether n be an odd or an even number. In the 
following Rule for extracting the nth root of A+B, the two 
terms are supposed to be so arranged that A is greater than B; 
and it consists of two cases, depending upon the value of 

Case I. 

When A?—B* is a complete nth power; i.e. when A*—BT 
««* or £/ A x — £*=*«, * being some whole number* 

Assume J A+B=<Sx+ <Sy (K), 

then (by Art. \M)tfZZ = B=S*- m 'Sll(8)l 



fC By 
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By squaring equation (fi)^^ t +B t +2^2*=a:+y+2\/*y f 
• • .". . . equation (S)f/A?+BT—2AB=:x+y—2Vxyi 

.•. ^/^+J5"+2^B+ N /uf+S'-2^BaB2«+2y=8ome 
whole number. 

Now let *jA*+&+QAB iir the nearest whole number 
scp+f (/being a proper fraction) ; 

and let \/ A?+&— 2AB (q being a whole number, and/* a 
proper fraction) = q +f. 

Then ^jr+BT+9AB+ ^A'+B t sAB=p + 9 +/+/= 
2x + 2y=a whole number, .'• /+/=0, w or /'as—/; 
hence, if p be the nearest whole number few than 

^/A?+B?+2AB, and 9 the nearest whole number greater than 

f/A'+B'-QAB, the integral value of ^/u4 a +J3*+2.4jB+ 

AyA*+B*—QAB will bep+9; letp+9=*, then 
2x+2y=/orx+y=sj/?/. 2x=sj/+«, andi/xrsJ^/T+i^cb), 
butx— y=* 3 2y= j/— «, and^/yssj^— g«. 

Hence ^^±Bs=^x±Vy=W^+ 2 *±JN/^- 2 *' 

Case II. 
When .4*— IT is not a complete nth power. 
In this case let C be so assumed as to make */4 a —jB* a complete 
nth power, i. e. let {A*- Iff) C=«", or ^(^•-jB*)C=*; then 

assume 

(») Since/* and f are both positive whole numbers, and/,/', are proper 
fractions, there is no other supposition which can make j»-f y •f/+/'a whole 
number, but that of /+■/' being equal to 0, or /*=—/; hence if />+/ 
be the real value of \/ji*+B'+2JB, q—f will be the real value of 
&A*+B*-2JB. 

(*>) For 4*=<+2«, /. QA/x—Vt+2; and 4/*= !*/*-+ 8 «• in same 
manner it may be shewn that Vy= \/*— 2«. 
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assume ^(A+B)^-^^^, or vCI+B==^£±^ ; 
,__ %fC 

or J(A*-B*)C(*) = x-y ; and, 

From which we deduce, as before, 

V*±< v /y =s W*+2«±J\/*-2*; 

• y.fi n S*±s/V - J* + **±s/*-** 
..V^±-«= 2y c ^ 

Exam. 1. 
Find the cube root of 26+15^3. . 
Here-4=26 > , t ^ ^ ^ ^ , 

-y^ + ^+S^JBrs^y 676+675+780^/3= 13+/, 

<y^+#-2^B= ^/ 676+675-780^/3= I -/; 

.\/=13+l = 14. 



Hence *y ^+J3=W'+2«+ W'~ 2 *= W l6 +K/ 12 
=2 + \/3. 

Exam. 2. 

Find the cube root of 9\/3— 1 1^/2. 

HerC ^^J/.^--B 9 =243-242=l, and.= l, 

Ay^ g + B fl + 2-4JB=^/243 + 242+ 198^/6=9+/, 
k/A % + B*-2AB= J 243 + 242 -198^/6= 1 -/. 

Hence f=9+ 1 = 10, and JV+2*— iV*— 2«=sJ N /l2 — 
J x /8= n / 3 -n/^_ 

••• v^-J3=V 3 -\/ 2 - 

Exam* 3. 
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Exam. 3* 

Find the cube root of 8+4^/5 or 4^/5 + 8. 
Here -4=4^/5? .\^— B*= 80 — 64= 16, which is not a cube 
B=8 J number, and the least number which mul- 
tiplied into it will produce a cube number is 4, u> •'• C=4, 
and (J*-B*)C= 16x4=64; hence « 3 =64, and «=4. 

Now ^(^* + ^ + 2^£)C =^(80 + 64 + 64 N /5)4 = 10+/, 

^y(^+JB a -^ J B)C=^(80 + 64-64 N /5)4 = 2-/i 

.% *=10 + 2=12, 

and y// + 2* + x /^ — 2« _ V20+ 4/4 ^ 2^5 + 2 _ V 5 4-1 

2#C " 2^4 "" 2^4 #3 ' 

Hence ^4^/5 + 8 = N / 5 + 1 

J I ■ ■■■!__ — " 1 I ■ - I I ■ 1 M I I - T! 

(a) In finding the least number by which a given number («) must be 
multiplied «o as to give a product which shall be a complete nth power, it 
may be observed, that if a be a prime number, it must always be multiplied 
by a*"" 1 ; thus, there is no other number by which 3 can be multiplied to 
make it a cube number, but 3* or 9, which gives the product 27; nor is 
there any other number by which 5 can be multiplied to make it a biquadrate 
number, but 53 or 125, which gives the product 625. But if the given 
number is resolvable into factors, one or moreof which ure square, cube, &d. 
numbers, then a less number than a*"" 1 will answer the purpose. Thus 
12=3 X 4=3 X 2% and if S X 2* be multiplied by S 9 X 2, it gives 3* X 2», 
which is the cube of 3 x 2 ; i.e. if 12 be multiplied by 18 it gives 216 the 
cube of 6. Or in general, if the given number (a) be resolvable into factors 
«, £, y, &c. such that azz* m fi* y* &c. then if this number be multiplied 
by «*■" &** y*"* &c. it gives «"/8*y» &e. which ii the- nth power, of 
«0y&c. Thus360=8x9x5=2»xS , x5; here s»=3,/»=2, f=l; 
and if it be required to find a multiplier which should make it a hiquadratt 
number, then n=4, /. n— s*=l, n— />=2, «— f=3; hence the mul- 
tiplier is 2 X 3* X 53= 2250, and we have 360 X 2250=810000, which is the 
fourth power of 2 X 3 x 5 or 30. If one or more of the indices m, j», q, Ac. 
be jrratftr than n, then, in finding the multiplier, such multiple of* must 
be taken as to make the indices of all the factors in the multiplier positive; 
thus if at be greater than n but less than 2*, then the multiplier to be taken 
ig «•*-» £*-, y-i^ which gives for the product of it and *"jS r y f the quaik* 
tity *?*(? y\ which is the nth power of «•£ y. 
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XLVL 

On the Comparison and Reversion of Series. 

Our observations upon the " comparison and reversion of 
series," will be confined to such as are of the form ax + bx* -f ca? 
+ dx*±ex*+ &c. referring the Reader to the 10th Chap, of the 
2d Part of Maclaurin's Algebra, and to other authors who 
have written upon the more advanced parts of the science, for the 
further illustration of the subject. 

165. Previous to the reversion of this series, it will be necessary 
to shew the manner in which it may be raised to any power (n). 
*This is done by separating the first term from the rest, and theri 
applying the binomial theorem to the involution of the series 
so transformed ; thus 

(Ux+bx*+cx 3 + dx 4 + &c.) n =ax + (bx* + cx 3 + dx*+&c.)) i n , 

=a n a?+na^ x a*- 1 (bx*+ca?+dx i +&c.) + n ( n ~^ ar*xT* 

2 

(bx*+cx i + &c.y+&c. 
zsaW+nar-W-Hbx' + caf + dx' + bc.) + n ( n ~ x ) q»-»s»-« 

2 

(b V + 2 b cot + &c.) + &c. 

We have here found only the four first terms of the involved 
series, but they are sufficient for our present purpose. 

166. Let ax+bx* + cj?+dx*+&ic. and *a?+ / sx 11 +yx 3 + 
}j?+ &c. be two series of this kind, in which a, b, c, d, &c. 
*>/3,y,?,&c. are invariable coefficients; if these two series be 
equal to each other, then will a=«; 6=/3; c—y\ d*=>; &c. 
For, let the terms of each series be divided by x, then a + bx+ 
cx* + dx? + kc.=*+/zx+yx*+}x i + &c.; and since x may 
vary through all degrees of magnitude whilst the coefficients 

remain 
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remain constant, let x=0, then a=*; but a and « are inva- 
riable quantities; if therefore they are once equal, they will 
always be equal. Again, since a=«, we have bx + cx*+da? 
+ &c.=£x-t- y x*-f Jx'-f &c.; divide each side of the equation 
by x, then #+cx+dx*+&c.=£+yx+'x*+&a; let x=0, 
then b=fl; and so we mighf proceed till all the terms of the 
series were exhausted; we therefore infer, that when these two 
series are equal to each other, a=*; 6=£; c=y; d=J; 

&C.&C. 

167. Bytianspo«ingthetermsoftheequationax+(x*+ca^ 
+dx 4 +&c.==«x+lx'+yx'+'2 4 +&c. we have (a— «)x + 
(£ — £)x*+(c— y)x 3 +(d— *)x 4 + &c. = a Now whatever is 
true in the original equation, must also be true in the transposed 
equation ; but it has already been proved, with respect to the 
former equation, that a=*; £=£; c=y; d=sJ; &c; hence 
a— *=0; i — 1=0; c— y=0; d— J=0; &c.; from which it 
follows that in an equation of the form (a— #)x + (&— /8)x* + (c — y) 
x*+(d— *)x 4 +&c.=0, whose coefficients consist of positive 
and negative quantities, these coefficients must all become equal 
to at the same time. 

168. Suppose now that x = ay+by*+cy*+dyl*+ &c 
and that it be required to find the value of y in terms of x. 
Transpose x to the other side of the equation, then ay + by % + 
cy 3 +dy 4 -f &c— x=0. Assumsy=#x+£x*+yx , + *x 4 +&e.; 
and finding the value of the successive powers ofy, by Art. 165, 
we have 

ay =a«x+afix* +ays? +aJx*+&c. 
Jy'ss («V+26«/sx s +2&«yx*+&c.) 



cy*= c«V+3c«*£x 4 +&c* 

dy 4 = d« 4 x 4 +&a 

&C.33 + &C. 

— X= — X* 



>=a 



Hence, 
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Hence, by Art. 167> a*— 1 =0, or*=- ; 



a 



a a 
ay+20*£ + c« s =O,ory= £ = -—-; 



a a 5 



:*+20#y+0/S + 3c*£-f a* # =0,or J= - Z 

a 

— 5i s + 5aflc— a*d 



a 7 



&c.=&c. 
Substitute these values for «, fl, y, J, &c. then 

x Ix* , (2b*—ac)a? (5b*—5alc+a*d)x* . 
9 a or . or a 7 

and if a= 1, or x=sy + #y' + cy s + dy 4 +&c. then 

179. In the following chapter it will be shewn, that if a? be 
the logarithm of the number 1 +n, jc=n— Jn'+in 1 — £» 4 +&c.; 
suppose therefore it was required to find the number in terms 
of the logarithm, i. e. to find w in terms of x, then comparing 
the equation #=?!— In'+iw'— J» 4 + &c with the equation 
jp=:y + Jy* + cj/ 3 +dy 4 +&c. and substituting » for y in the 
equation (A), we should have n — x— bx*+(2b* — cjx 3 — 

(si 1 — 5 Jc+d)x 4 +&c where J=r — , czs^dsz — ~, &c$ 



Hence — i=~, 



2 3 2.3 



/e/3 */ . A\ 5 5 . 1 15 — 20 + 6 1 
(5i 3 — 5 ic+o)= -—-+-= ! — =s , 

v '864 24 2.3.4* 

&C.SS&C. 

,\ 72=^H — + — H i.+&c.: 

2 2.3 2.3.4 
J?* a? r* 

and i+n=l+a?+- + — + -±__+& c . 

2 2.3 2.3.4 
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CHAP. X. 

ON LOGARITHMS, 

AND SUBJECTS CONNECTED WITH THEM. 



XLVII. 

Definition and Properties of Logarithms. 

170. In the two following series of quantities, <r% a* 9 a*", 
a*"', &c. (A); x, x', x", x'", &c. (B); where a is some given 
number greater or less than unity, and x, x', x", x'", &c. any 
variable quantities whatever, the several terms of the series (B) 
are called the logarithms of the several terms corresponding to 
them in the series (A). Thus if a"=y, a"=y\ a *"=y"j &<*• 
then x=log. y; x'=log. y'; xf'=log. y"\ &c. 

171 • In adapting the series (A) to the numbers 1, 2, 3, 4, 
5, 6, &c. the given number a must be greater than unity, the 
first index x must be equal to 0, and the several indices x', x", 
x" y &c. must keep continually increasing. For in this case, since 
(by Art 68.) a°= 1, this series will increase from 1 to infinity; 
and by properly adjusting the values of xf 9 x", x", &c. it is 
evident that the several quantities a", a*", a*'", &c may be 
made to coincide with the numbers 2, 3, 4, 5, 6, &c, For 
instance, leta=10; then (since 10*= 1 and lO'sslo), the 
indices of 10 which would give 10**, 10*", 10*"', &c. equal to 
the numbers 2, 3, 4, 5, &c. must be fractions between O and 1. 

Take 
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Take for example the number 5. Now 10^=^ 10*= #100 
.64 ; from which we infer, that a fraction (x) somewhat 



2 
greater than -(=.666666* Sec) being made the index of 10, 

would give 10*'= 5; this fraction is found by calculation to be 
.6989700; hence io* 89 ** =5; i.e. when a= 10, the loga- 
rithm of 5 is .6989700. 

172. From hence it appears that the logarithm of any given 
number will depend upon the value of a, and that different 
systems of logarithms would be formed by assuming it equal to 
different numbers, but that (since a # = l) in every system the 
logarithm of one would be 0. This constant quantity a, from 
whose powers the natural numbers are formed, is called the base 
of the system to which it belongs. But before we proceed to 
calculate a system of logarithms, it will be proper to explain 
some of their properties. 

173. Let N and n be any two numbers belonging to the 
series (A); let N (for instance) =a% and ft = a"""; then 
JVn=a*xa*" , '=a* +Jf ' ,,, 5 but by Art. 170, the logarithm of 
a?*"'" is x + x"" 9 .'? the logarithm of ISfa =#+#""= log. a* + 
log. a*""=log. AT+log. ft. Ift the same manner, if n, n\ 
ft", ft'", &c be any set of numbers belonging to the series (A), 
it might be shewn that the logarithm of nriri'ri", &c.=log.n 
+k>g. n' -flog. n"+ log. ft'"+&c; from which we infer that 
" the logarithm of the product of any number of factors is equal 
u to the mm of their logarithms" 



174. Again, ~ = ~=a*-^"; but the logarithm of a*-*"" 

ft a 



JV 
s=x— jc""; .\ the logarithm of — =#— x""=log. a*— log. a* 

w 



fU9 



= log, AT— log. ft; from hence it appears that "the logarithm of 
the quotient of any two numbers is equal to the difference of 

their logarithms; and that the logarithm of a fraction f-- \ 

2D "is 



€i 



if 
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" is equal to the logarithm of its numerator minus the logarithm 
" of its denominator." If N be less than n, then log. 2V— 
log. n is negative; consequently the logarithms of all pioper 
fractions are negative quantities. 

175. Let iV=a« be raised to the rath power, then N m =a mx ; 
but the logarithm of a" x =w x; hence the logarithm of N~tnx 

=m. log. a'=m. log. N; for the same reason, since £/lt=N m 

" x log. N 
=a*, the logarithm of ^.W=-= ; from which we 

infer that " the logarithm of the mth power of any number is 
" found by multiplying its logarithm by m ; and of the with 
" root of any number, by dividing its logarithm by m." 

176. If the series {A) consists of quantities of the form a% 

a** 9 «**, a 4 *, &c a**, then the corresponding terms of the 

series (B) are x, 2x, 3x, 4x, &c nx; i.e. "if a series of 

" quantities be in geometrical progression, their logarithms will 
" be in arithmetical progression." 

XLVIII. 

On the Method qfjinding the Logarithm of any given 

Number. 

177* Let a* express generally any term of the series (-4), and 
let the corresponding number be N, then a'^N. To find the 
logarithm of 2V, is merely to solve the equation a*=N, where 
x is the unknown quantity; for this purpose let 0=14-6, 
and N=l+n; then (l+6) x =l+nj extract the root y of 

each side of this equation, and we have (l + &) 1, =(l+»)*; 
•'.by expansion, 

'+?'>+;e-')(a+ss-o(H(=)+*- 



=1+ i w+ i(i- 1 )(|) + i(i_ 1 )(i_ s )(^) + a Jc . 

y yy ' 2 yy '^y '^2.3' 



Now 
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Now suppose y to be indefinitely great, then will - and - 

y y 

vanish with respect to — J,— 2,&c. so that - — 1 andi — 1 

y y 

wiH be each equarto — 1 j - — 2, 2, each equal to — 2 ; 

y V 

&c. &c k ; hence, rejecting 1 from each side of the equation, 
we have 

?(t--aA*+ii 3 --it 4 + &c.)==I(w-- i n 9 +jn 3 -in 4 + &c.) 

s.x(=]og.TT^)= n - in *+ in '- in4+kc ' = 

\ £=a-J (a-l)~i (a-lj^ + i (a-l) 3 -&c. 

178. Let (fl-l)-J(a-l) fl + |(a-l) 3 -&c. = A/. This 
quantity (M), which depends upon the value of the base a, is 
called the Modulus of the particular system of logarithms to 
which it belongs. But before we proceed to the calculation of 
the logarithms belonging to any particular system, it will be 
proper to shew the manner in which the value of x, as deduced 
in the last article, may be expressed in terms of a converging 
series; for the series rc— Jw"+i/i 8 — in 4 + yn s ~- &c. will not 
converge, when n is any whole number greater than unity. This 
may be effected by means of the following process, in which M 
is substituted for the denominator of the fraction ; thus, 

Log.(l +W )=^(n-I««+in'-V + in s -&c.)[C]. 

For n put — w, 
then log, (l -»)= JL(— » — V-irc 3 - 2flf-!ji»-&c:) TBI. 

* M* 2 3 4 5 / L J 

Subtract [D] from [C], then log. (l-fw)— log. (l — w)= . 

. Now 
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1 



1 + 



Now let n=s-- — , then = — =tt= — -. 

Hence, by substitution, 

^•2^=^(]^ + 3l^ + 5 73vb? +&c -)> °' 
, og .^ log . ( ^- 2 )=^(^+^^+ 31 ^ ri? +&c.) } 

which is a series that converges very fast, when iV is any number 
greater than 2. 

XLIX. 

On the Method of constructing a Table of Logarithms. 

179. Before we can proceed to calculate a table of logarithms, 
some value must be assigned to M. Since a may be arbitrarily 
assumed, let it be so assumed that(a— l)— i(a— i)*+i(a— l) 3 — &c. 
or M shall be equal to 1 . As N must be greater than 2 
(Art. 178), we cannot immediately apply the series for 
log. N to the finding of log. 2; but the logarithm, of 2 may 
be found in the following manner ; let 2V=4, then 

Log.4=log. 2*=2 lpg. 2 as (for Af= l) 2 (I+i +-L. + &C.) 

-flog. 2: 

.\ 2log.2-log. 2, or log. 2 = 2 (5 + ~4+^s+ &c -)- 

Having the the logarithm of 2, a table of logarithms, in which 
Jtf= 1, may be constructed in the following manner : 



Log. 
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Log. 

1 =0 

2 =2(g+-+j^+&c. to7 terms) =0.6931471 

3 = 2 (2+3~25+5"25 +&c# t0 10 terms , + lo 8' U ) - =1.0986122 

4 =2 log. 2 =1.3862942 

5 =2( I+^L + ~4-&c. to 6 terrasWlog. 3 - - =1.6094378 

6 =log. 3+log. 2 =1.7917593 

7 ==a (g + 5^ + 5Si + 7^) +l€ «- 5 = 1 ^8999 

8 =log. 4 + log. 2, or log. 2 S =3 log. 2 =2.0794413 

9 =log. 3*=2 log. 3 - - - t - - - -, - - =2.1972244 

10 =log. 5 + log. 2 ^ - =2.3025849 

&c.=&c. -...*-.-. sr&c. 

In this table, the number of terms mentioned in each case 
are sufficient to make the logarithms true to 7 places of decimals. 
The logarithms here calculated arc called Napier's logarithms, 
from the name of their celebrated inventor ; but they are at 
present more commonly known by the name of Hyperbolic 
logarithms, on accouut of their application to the quadrature of 
the equilateral hyperbola. 

180. To find the value of the base a of this system, we must 
have recourse to the series [C] in Art. 178, in which, making 
log. (1+tt) or log. N=l and M=l, we have, Z=w — in* + i/i 3 
— i/i 4 -f-&c. and reverting this series by Art. 169, (putting Z 

for x) we obtain, 1+n or JV=1 +Z+*r+— (P)+— — 

2.3. 2.3.4 

(Z 4 )+&c. Let Z=l, then the number whose logarithm is 1 

(i.e.a) =1+ 1 -f - + — + — ^— +&c. =2.7182818. The 
v J 2 2.3 2.3.4 

base of this system of logarithms, therefore, is 2.7182818, and 

the logarithms of the several povvers> of a, viz. a, a% a 3 , &c. 

being 
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being 1,2, 3, &c. we might have interposed in the preceding 
table, 

log. 2.7182818 =1.0000000, 

log. 7.3742037 being the square of 2.7 1828 18) = 2.0000000, 
&c. = &c. 

Hence, in this system, the numbers whose logarithms are 1,2, 
3, &c. are decimal numbers ; and from this circumstance they 
are very inconvenient for ordinary arithmetical calculations. 

181. In the common system of logarithms, the base a= 10, 
.*. a*= 100,a 8 = 1000,a*= 10000, &c; hence, if the numbers 
be 1, 10, 100, 1000, 10000, &c. their logarithms are O, 1, 2, 
3, 4, &c. ; and to construct the table for the intermediate 
numbers, we must find the value of M when a= 10. Now, in 

the system whose modulus is M, log. N= — (»— hn*+^n* 

M 

— Jrt*+&c); let itf=l, then hyp. log. J^=»-J«'+t» s 
— i n 4 + &c. ; hence, in the system whose modulus is M, log. N 
= hyp. bg. JV . , et ^ JOj then Jog 10= hyp. log. IP. ^ fa 

the common system, log. 10=1, .\ 1= ^ ° g * 10 , and 
Af=hyp. log. I0=(by table in Art. 179.) 2.3025849. We 

a 

are thus enabled to find the value of — , which is the common 

multiplier of the series at the end of Art. 178, for — = ? 

^ M 2. 3Q25 849 

= .86858896. To construct a table of common logarithms, there- 
fore, we have only to substitute for-— its value thus found, in the 

M 

genera, series |(^ + _^ + _l_ +& c.) + Iog.(M 

Titus, 

Log- 
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iog.2 =.86858896(- + L + -i--+&c. to7 terms) - =0.3010300 
6 \3 3* 53 s / 

3 =.86858896^+— +-rL-+&c. to 10 terms') =0.4771213 

V2 3.2 3 5.6 s / 

4 =2 log. 2 =0.6020600 

5 =log. — =log.l0-k>g.2=l-log.2 - r =0.6989700 

2 

6 =log. 3+log.2 =0.7781513 

7-4W58806(|+ i L + g L. + -^)+i flg .5 - =0.8450980 

8 =log. 2 3 =3 log. 2 -----..-- =0.9030900 

9 =log.3 9 =21og.3 =0-9542426 

10 = - - - ' =1.0000000 

11 =86858896(1+^+^)^.9 - - =1.041*927 

12 =log.3+log.4 =1.0791812 

13 =.86858896(l+^+^ 5 )+log.ll - =1.1139434 

14 =log.7+l<*g.2 =1.1461280 

15 =log.5+log. 3 =1.1760913 

16 =log. 4*=2 log. 4 =1.2041200 

17 =86858896 (jg + g-^r, + jj^ s ^j + log. 15 - = 1 .2304489 

18 = log. 9 -flog. 2 =1.2552725 

19 * .86858896 (is + 3i8 3+ 5Ji' 5 ) +1 °^ l7 " = L2, 787536 

20 =log.l0+log.2 =1.3010300 

21 =log.7 +log.3 =1.3222193 

22=log.ll + log.2 =1.3424227 

?3 =86858896 (^+3^3+ ^2^) + log. 21 - =1.3617278 

The next number which requires calculation by means of the 

series, is 29; and from this number to 400 inclusive, /uoierms 

of the series are sufficient to make the logarithms true to 7 places 

of 
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of decimals. After 400, one term is sufficient; thus log. 401 

= - 86858896 + log. 399 = .0021714724 + 2.6009729 = 
400 

2.6031444 (very nearly); and in this manner the table might 
be continued with great facility to any extent, by means of the 
logarithms previously calculated. For the most expeditious 
manner of dividing the number .86858896 by the denominators 
of the several fractions composing the series, and for the manner 
of using logarithmic tables, the reader is referred to the Preface 
annexed to Dr. Hutton's Tables. 

182. Since log. 1=0, log. 10=1; log. 100=2; log. 1000 
=3, &c, it follows that the logarithms of all numbers between 
1 and 10 will be some decimal number less than unity; between 
10 and 100, some decimal number between 1 and 2; between 100 
and 1000, some decimal number between 2 and 3 ; &c.&c. The 
whole number annexed to the decimal is called the index or 
characteristic of the logarithm ; and consequently for all numbers 
between 10 and 100 the index is 1; between 100 and 1000, 
the index is 2 ; between 1000 and 10000/the index is 3; &c. &c 
From the circumstance of log. 10= 1, it also follows that the 
logarithms of all numbers in decuple proportion involve the 
same decimal number, and differ only by their index. 

Thus, Log. 1135 =3.0538464. 

Lor. 113.2 = log. ^^ =log. 1132 — 1 = 2.0538464. 
o ^10 

Log. 11.3 2 = log. !ifl5=log. 113.2— 1 = 1.0538464. 

Lose. 1 . 132 = log. LL£? =log. 1 1.32— 1 =0.0538464. 

* ^10 

Log. 1 1.32 = log. - — - =log..l 132 — 1 = 1.0538464. 

1 13^ 
Lew:. .OU32 = loc«- = log. .1132 — 1 =2.0538464. 

Losr. .001 132 = tog." — = log. .01 13 2— 1 = 3.0538464; 

10 - 

where 
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Where the negative sign placed under the index of the last three 
logarithms shews that it is the logarithm of a fraction. To 
find the real logarithm of the number, the decimal part must 
be subtracted from the index, and the negative sign annexed 
to the result. 

183. The foregoing property, belonging to that particular 
system of logarithms arising out of the supposition of the base 
ass 10, is not only of great practical utility in their application 
to arithmetical purposes, but also very much facilitates the 
construction and use of the tables founded upon that system, 
Since the same decimal logarithm always applies to a number 
consisting of the same digits, it follows that in the construction 
of a table of common logarithms it is only necessary to register 
the digits of the number and the decimal logarithm in parallel 
columns ; for the index of the logarithm may always be deter- 
mined from the actual value of the number, and, vice versa, the 
actual value of the number may always be determined from the 
index of the logarithm. For instance, in the common tables 
where the logarithms are registered for all numbers consisting of 
five figures, the decimal logarithm belonging to the number 
98637 is .9940398 ; if this number be a whole number, then 
since it lies between 10000 and 100000 (the index of which 
is 4) we know that its logarithm is 4.9940398 ; if a decimal 
point be placed before the last figure, then the value of the 
number is 9863.7 (which lies between 1000 and 10000) and 
therefore its logarithm is 3.9940398; if a decimal point be 
placed before the last figure but one, then the number is 986. 37> 
and its logarithm 2.9940398 ; &c. &c. On the other hand, if 
the logarithm 1.9940398 was given to find the corresponding 
number, then since the decimal part of it belongs to the digits 
98637, and since from the index of the logarithm we know that 
the number lies between 10 and 100, the figures 98637 must be 
so pointed as to make the number lie between 10 and 100, viz. 
98.637 3 &c. &c. The utility of this system was so obvious, that 

2 E the 
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the tables for ordinary purposes were founded upon it very soon 
after the invention of logarithms. 



On the application of Logarithms to Complex Arith- 
metical Operations. 

184. Logarithms are of no very great use in the ordinary 
operations of multiplying or dividing one number by another; 
it is in the raising of powers, and the extraction of roots, 
and in their application to complicated numerical expressions, 
that their utility most plainly appears. 

Example 1. 

Find the 5th root of 2593. 

By Art. 175, the logarithm of the 5th root of 2593 = 

log. 2593 3.4138025 ~ n „„~^* i A «,*« . A . B4 . 
-5 ^. = =.6827605 =log. 4.8168; .\ the 5th 

5 5 

root of 2593=4.8168. 

Exam. 2. 

Find the value of the traction . 

1 7 x 9350 

By Art. 1 74, the logarithm of this fraction is equal to the 
log. of its numerator minus log. of its denominator. 

By Arts.l 73, 175, log.2 90 x 3 7 X 2.013=20log. 2+7.1og.3.+log.2.0l3. 
and, log. I7x9350=log. 17+log. 9350. 

Now 20 X log. 2 = 6.0206000 . . log. 17 = 1.2304489. 
7 X log. 3 = 3.3398491 . . log. 9350=3.9708116. 
log. 2.013 = 0.3038438 

By addition =9.6642929 (A). 5.2012605 (5). 

Subtract (JB) from (A), and we have 4.4630324, which is 
the logarithm of 29042, the number required. 

Exam. 
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Exam. 3. 



t» j u i f a V (317/ X ^3^/5 
Find the value of ^/ 351 ' 

Call the numerator of this fraction (N), and its denomi- 
nator (w) ; 

Then,byArtM74, 175,log.of \/^= ] ° g ' ^J 1 ^'*. 

Now log. (317)*= 2 X log. 317 = 5.0021186. 

log. ^/3=ixlog. 3 = 0.2385606. . 

log. ^5=^xlog. 5=0.2329900. 

5.4736692=log.iV. 
log. 25 1=2.3996737; 

••• 3.0739955=log.iST-log.». 



„ log..W— loff.rc 3.0739955 rt<8lili - ml u-u--.u 
Hence— - — = =0.6147991* which is the 

o o 

logarithm of 4.1 19 for the number required. 

Exam. 4. 

Find a fourth proportional to the 6th power of 9, the 4th 

power of 7, and the 5th power of 5. 

« 7* X 5* 

Let x=the number required, then 9 : 7 4 :: 5*:x=z- — g— ; 

.\ log. x = 4 log. 7 + 5 log. 5—6 log. 9 = 3.3803920 + 
3.4948500 — 5.7254550= 1.1497870 = log. 14.118; hence 
JP=14.118. 

r* e ir J -u 1 r 31 X 33 X 255 X §15 

Ex. 5. Find the value of 2 — . 

35 X 357 

Answbr > 6576.4. . 

Ex. 6. Divide the 20th power of 2 by the 12th power of 3. 

Answ. 1.973. 

Ex. 7. Find a third proportional to ^117 and Jf 137. 

Answ. 10.252. 

Ex. 8. Find the value of ^Wx^Ux^ig 

Answ. 3.897. 



212 SUMMATION OF GEOMETRIC SERIES. 

LI. 

On the Summation of Geometric Series. 
185. Logarithms are found very useful in ascertaining the 

value of S in the equation S= or . where a is 

r— 1 l— r 

the first term, r the common ratio, and n the number of terms 
of a geometric series. 

* Example 1. 

3 O 27 

Find the sum of 20 terms of the series l. -, 2 _ & c . 

2*4 8 

=!, I. s J^ = _k^ = 2 X (11 -1.) 



- — 1 
2 



(d\ ^ 3 

-J = 20 X log. -. 

= 20 X (log. 3 —log. 2.) 

= 3.5218260=log. 3325.262 J 

(3\*° 
~1 =3325.262. 

Hence S=2x (|J — l) =2X3324.262 = 6648.524. 

Bx. 2. 

Find the sum of 10 terms of the series 1. 1, ~,i^?, &e. 

6' 36 216 

Her, «=!,-) l-lx( 5 -V° 



r=~ 



J. V,.»-2^_l!L-.x(i-|p.) 



n=10;; * 6 

(5\ 10 5 

gj = 10xlog. ~ 



6/ °6 

= 10 X (log. 5— log. 6.) 



>«/ in 
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= 10X — .0791813, 
= —.7918130. 
=.2081870— 1.0000000. 
= log. 1.6150— log. 10. 
5\ 10 1.6150 
10 

(~7|io v 
1— j l=6(l — .l6l5)=5.031. 

186. If the sum of the series, the common ratio, and the 
first term be given ; the number of terms may be found thus ; 

Since rS—Szsiaft—a} 
By transposition, ar*=:rS— S+a, 

a^m rS-S+a 
and r"= 1— : 

a * 
.\ log. t* or n xlog. r=log. (rS—S+a)— log. a. 

Hence n= los ' ('S-S+q)-log. «. 

log. r 

Ex.3. 

The sum of a geometric series is 6560, its first term 2, and 
common ratio 3. What is the number of terms ? 

Here S= 6560,") . _ lo g. (rS— S+fl)— log. a 



= 6560,") 
= 2, S 
= 3; J 



a=2, > log. r 

r=3; J __log. 13122 — log. 8 

log. 3 

_ 3.8169704 ._q 
" .4771214 

Ex. 4. A servant agreed to serve his master for one year 
(13 months), at the rate of sixpence for the first month, a 
shilling for the second, two shillings for the third, and so on ; 
What had he to receive at the end of the year ? 

Answer, 204/. 15s. 6d. 

Ex. 5. 
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5 25 
Ex. 5. Find the sum of 1 1 terms of the series. 1, -, — % &c. 

4 lo 

Answ. 42.568. 

Ex. 6. The sum of a geometric series is 1023, the first 
term 1, and common ratio 2 ; Find the number qfteims. 

Answ. 10. 

Ex. 7. A person undertakes a journey of 364 miles, going 
one mile the first day, three the second, nine the third, and so 
on ; When will he arrive at his journey's end ? 

Answ. in 6 days. - 

LII. 

On Compound Interest. 

Let (P) be the principal, or sum put out to compound in- 
terest ; (r) the fraction which expresses the rate of interest per 
cent.; (A) the arrtount at the end of (w) years; Then the 
following Theorems maybe established, by means of logarithms. 

Theorem 1. 

187. "Log.A = log.P+nxlog. (l+r)." 
For since £.1, at the end of the first year, becomes l+r, 
and that the amount is increased each year in the same ratio, 
we have, by the rule of proportion, 
1 : 1 + r : : P : P( 1+ r) = amount of P at end of first year. 

1 : 1 + r::P(l -f-r) :P(l -f-r)*= — second year. 

l:l+r::P(l+r) , :P(l+r) s = third year. 

&c. &c. 

So that, at the end of n years, the amount is P(l -f r)\ 

Hence ^=P(l+r)"; 
find, taking the logarithm, log. A=\og. P+nxlog. (l + r). 
From which we deduce, 

Log. P = log. A—n x log. (l + r). 

Lo g ,(l+r)= l -°g^- |o g- f . 

n 

and 
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, log. A — log. P 

log. (l+r) 
Any three of the quantities A, P, r,n, being given, the fourth 
may therefore be found. 

Theor. 2. 

188. « Let A=m P, then 72= log * ™ ." 

. . log. (l+r) 

For, in this case, m P= P(l -}- r)\ # 

Divide by P, then 722= (l+r)*. 

Take the logarithm, log. 772=72 x log.(l + r); ,\w= °^' m . 

log.(i+r) 

By means of this Theorem, we ascertain the period or number 
of years in which a sum of money would double, treble, &c or 
amount to m times itself, when put out at compound interest, 
at r rate per cent. 

Theor. 3. 

189. €€ Suppose the interest to be paid half yearly, and at the 
" same time converted into principal, then will log. A —log. P 
" + 272x/og. (l+Jr)." 

For m this case, 2n must be substituted for 72, and \r for r. 
Hence, at the end of n years, A=P(l + Jr) ,n ; 
and, taking the logarithm,, log. A= log. P + 272xlog. (l + \r). 

Theor. 4. 

190. " Suppose now, that besides the interest being converted 
" into principal at the end of every year, the sum P is at the 
"same time invested in capital; then the amount (A), at the 

" end of n years, will be — ^ ' (if B= 1 +r)." 

ii — 1 

In this case, the principal (P) is put out for n, n— \, 72 — 2, 

&c. years, in succession ; the amount therefore is the sum of 

the several amounts of (P) put out for n, 72 — 1, 71 — 2, &t\ 

years ; 

.-. A=P 
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•\^=P(l+r)«+P(l+r)- , + P(l+r)- 9 +&c.P(l+r). 

=(if i+r=B)Pi?-+Pfi— l +PJS--«+&c. PR. 

sxPiBr+Rn+Rr-Zcc R). 

P(R* +l —R) 
= P k {Geo.Vxog.first term R*, common ratio) R = v «, — • 

_Pfl(fl*-i) 

— r=t- 

Example 1. 
What wpuld be the amount of 200& placed out for ^ years, 
at 4 per cent, compound interest ? 
Here P= 200, 

.\byTH, l,log.^=log. JP+ n x log. (l +r). 

=log. 200+7 xlog. 1.04. 
s= 2.4202631. 
=log. 263.18. 
Hence, .4=263/. 3s. T\d. 



1 



= 1.04, 

w=7; 



Ex. 2. 



How much money must be placed out at compound interest, 
to amount to 500/. in 1 2 years, at 5 per cent ? 
Here A= 500, 

ByTh.lJog.l , =!og.^--ttXlog.(l +r), 

=log.500— 12Xlog.l.05. 
= 2.4446984. 
= log. 278.41. 
Hence, P=278Z. 85. 2|cf« 



r= i5' 



1 



l+f=l+-- , 
20 



= 1.05, 
tt= 12. 



Ex.3. 



At what rate of interest must 400/. be placed out, that it may 
amount to 569/. 6s. 8d. in 9 years, at compound interest? 



I. 8. d."} 

Here^=569.6.8 
P=400, 
»=9^ 



ByTh.l.log.(l+r)= log ^- lo g- f . 

n 

lo£.569.33— log.400 

9 
e.0170337* 

= log.l.04 = log.(l + ^ 
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Hence 1 +r= i-\ — : 

25 

•*. r=: — , or the rate of interest 4 per cent. 

Ex.4. 

In how many years will 500/. amount to 900/., at 5 per 
cent, compound interest ? 

Here ^=900, 
P=500, 



rC= 20' 



l+r=1.05. 



By Theor. 1. nJ°*' A ~ ]o ^ P . 



log. \+r 

_ log. 900— log* 500 
log. 1.05 

=^^25 = 12.04 yean, 
.0211893 J 



Ex.5. 

In what time will a sum of money double and treble itself, 
at 5 per cent, compound interest ? 



By Theor. 2. ( since r= — V 



If wi=2, then time of doublings- — — — =- =. 14.2 years* 

log. 1.05 .0211893 J 

c* iv ]o & 3 .4771213 
7w=3 .... . of trebling =- — =■ = 22.4 years. 

6 log. 1.05 .0211893 J 

Ex.6. 

Supposing the interest to be paid half yearly, what will be 
the amount of 500/. in 8 years, at 5 per cent, compound 
interest ? 



Here P= 500, "| 

1 

1+Jr=1.05, 
w=8. 



By Th.3. log.^=log.P+27ixlog. (l-fjr). 

=log.500+ 16 X Iog.(l.025). 
= 2.8705524 s log. 742.25* 

Hence ^= 742/. 5s. 



2F 



Ex, 7. 
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r 
t ... * 

Ex. 7. 

Suppose a person to place out annually 100/. for 10 sue* 
cessive years, and suffer the whole to accumulate at the rate of 
5 per cent compound interest ; What sum would he have to 
receive at the end of the tenth year ? 

Here P= 100, } .'. by Theor. 4. 

£=1.05,V j_ m PR(R n -l) _ 105(\X)& l0 -l) 

w=10j ) R—l ~" .05 

= 2100(l.05) 10 — l). 
Now log. (l .05) lo = 10 X log. 1 .05. 

= .2118930. 

= log. 1.6289 5 .*. (1.05) 10 — 1=.6289. 
Hence -4=2100 x .6289. 

= 1320/. 135. 9-H* 

»* 

Examples for Practice. 

Ex. 8. What would be the amount of 1000/. placed out 
at compound interest of 5 per cent, for 10 years ? 

Answer, i628i Jfo. 

Ex. 9. What sum must be placed out at compound in- 
terest, at 4 per cent., to amount to 2000/. in 15 years ? 

Answ. 1110/. 125. 

Ex. 10. At what rate of compound interest must 518/. 65. 
be placed out, to amount to 600Z. in 3 years ? 

Answ. 5 per cent. 

Ex. 11. In how many years will 200/. amount to 3 18/. 165. 
at 6 per cent, compound interest ? 

Answ. 8 years. 

- Ex.12. In how many years will a sum of money double 
itself, at 4 per cent, compound interest? 

Answ. 17.6 years. 

Ex. 13. 
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Ex. 13. Find the amount of lQOOl. put out to compound 
interest at 6 per cent, for 10 years, the interest being converted 
into principal every half year. 

Ansvv. 2167/. 6s. 

Ex. 14. Suppose a person to place out annually the sum of 
SO/, for 40 successive years, and suffer the whole to accumulate, 
at the rate of 5 per cent, compound interest ; What would he 
have to receive at the end of 40 years ? 

Answ. 25361. \6s. 

« 

LIII. 

On the method of finding the Increase of Population 
in any Country, under given circumstances of Births 
and Mortality. 

191. " Let (P) represent the population of a country nt. 

" any given period; ( — 1 the fractional part of the population 
" which die in a year (or ratio of mortality) ; ( r\ the propor-* 

^ tion of births in a year ; then, if (A) represents the state 
u of the population at the end of (n) years, log. .4= log. P 

« +B xlog.(n-^ r ).» 

1 1 m — b 
The rate of increase of population in one years; t*~— = — -r-; 



.\ 1 : 1 + 



m 



— b _ _ / m— b 



: : P : P ( 1 H t-J = state of population at 

• » 

the end of the first year. 

But it is increased every year in the same proportion; 

m— b / m — by ._/ . m— b\* - 

Jhe population at the en<f of the second yew. 

In 
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In the same manner we may prove, that the state of the 

1+ T~) . 

Hence A=P( I +^jL)"i 

and log. Asslog. P.+nx log. (l H — -j-)- 
From which we deduce, 

Log. P = log. A — n x log. ( 1 -] — ^-\ 

log- ^-log. P 

"= =3 






Of the quantities -^, P, ra, fl, », any /owr being given, the 
fifth may therefore be found. 

Example 1. 

Suppose the population of Great Britain in the year 1800 to 

have been ten millions ; that 7 V tn P art die annually ; that the 

births are to the deaths as 40 : 30; and that no emigration 

takes place during the present century ; What will be the state 

of its population in the year 1900 ? 

Here p= 10000000,-* _ " , m -k 

F M Nowlog.^=log.P+nxlog. (l +^-J 

v no I 

12 
= log. 1 0000000 + 1 00 X log.— 

Is' 



tt=100, 
01=40, 
(=30; and 
m — b 121 



mb 120 



= 7.3604200 
=log. 22930000. 
Hence ^=22930000. 

Exam. 2. 

.- Suppose the population of France, in the year 1792, to have 
been 27000000 ; the ratio of mortality during the 18th cen- 
to''? 
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tury to have been 55th, and the number of births ^th ; What 
wad the state of its population in the year 1700 ? 



.:* + 



Here ^4=27000000/ 

ra = 30, 
6 = 26, 
*»— b 196 



mb 195 



Log. P=log. ^-nxlog. (l+-~j-) 

196 



= log. 2 7000000 — 92 x log. 

= 7-2269858 
=log. 16864396, nearly; 
•\P= 16864396. 



195 



Exam. 3. 

Suppose the population of North America to have been five 
millions in the year 1 800 ; In how many years will it amount 
to 16 millions, taking the ratio of mortality at 4 - 5 th, and the 
annual proportion of births at ^th ? 

Here A= 1 6000000, *| ff . Jog- A— log. P 



•M-f 



P= 5000000, 

771 = 45, 

6=24; 
ra — J 367 



m — b 



M'+^r) 



tw6 360* 



tw6 

* — !°g- 16000000— log. 5000000 

, 367 
log. 



.5051500 
.0083636 



360 
=60.3 years. 



Exam. 4. 
The population of a province in the year 1 760, was estimated 
at 500000 persons; in the year 1800, it amounted to 720000; 
from the bills of mortality it appeared, that, upon an average, 

£th part of the population had died annually ; no register had 
been kept of the births ; What was the annual proportion of 
them during this period ? 



Here 
A= 720000, 
P= 500000, 
W!=:50, 
W=40. 



Log.fi+^J ^- 10 ^, 
V mb 1 n 

1 (\ 50 ~fr ) . Jog. 7 90000'— log. 300000 
or og.^ + ^ b ) ^ 

=.0039590=log. 1.009. 

Hence 
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• 50-6 9 

Hencel+ "^F= 1 - 009==1 + I555' 

50- 6 Q_ 

and ~5o6 "1000 5 

.\ 50000 — 10006=4506. 

, 50000 
or6=- — = 34.4. 

1450 

4 

The annual proportion of births, therefore, was about ^th. 

192. But "in any country, under given circumstances of 

births and mortality, the fraction ' — is always a given quan- 
tity; Let it be represented by j; then the relation between 

" the four quantities A, P,p,n, is expressed by A=P (1 + 1 )*. 

"If A=mP, we have mP=P (1+ 1 )", or m=(l+L)"; 

y p ' \ p' 

"and taking tlie logarithm, log.m=nxlog. (1+ 1 ); from 
" which we deduce the six following formulae/' 






I. Log.^=log.P+nlog. ( 1+-)- 

II. Log.P=\og.A—n\og. (1 + -). 
HI. n Jog.A-\ogP 

IV. Log. (l+^)= lo g^- lo g- P . 

V. n= — , , v , for finding the period in which 

l0g -( 1+ £> 
the population would be increased m times. 

VI. Log. (l+|)=!2^, for find i ng the rate (1) at 

which the population would be increased m times in n years. 

The 
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The following Questions are intended to illustrate the use of 
these formulae, in the order in which they stand. 

Question I. 
Suppose the population of a country to begin with six per- 
sons, and to increase annually by j^.th of the whole ; What 
will be the state of its population, at the end of 200 years ? 

Answer, 1106400 persons. 

Question 2. 

If (as stated in the 3d Example) the population of North 
America was five millions in the year 1 800, and the rate of increase 

had been — th for 50 vears previous ; What was the state of 

360 * 

its population in the year 1750? 

Answer, 1908930 persons. 

* 

Question 3. 
Suppose the population of an empire to be 40 millions, and 
the annual increase —t\i\ How long will it be before it amounts 

to 50 millions ? 

Answer, 43.6 years. 

Question 4. 
What must be the rate of increase, that the population of a 
country may be changed from 1 106400 persons to five millions, 
in 100 years ? 

Answer, about — th, annually. 



Question 5. 

lofif ffl 

By means of the formula n— - — jr; verify the follow- 
ing Table. M»+f) 
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1 

k 

P 

1 

120 

1 

51 


Period of doubling 


Period of trebling ' 


Period of being increased 
10 times. 


83 5 y ears 


132f years 


277.4 years 


36| years 


5J.6 years 


120.8 years 



Question 6. 

What must be the annual increase of population in any 
country, that it may double itself every century ? 



Answ. Between — d and ~ 4 



* . t. - 

193. M. Humboldt affirms, that in 1793 the population of 
New Spain amounted to 4483529 persons; and having found, 
from authenticated registers of births and deaths, that the former 

1 l 

are about ^th, and the latter about — th of the whole popula- 
tion, he estimates the population in 1803 at 5800000 persons'; 
and afterwards asserts that in 1 808 it maybe expected to amount 
to six millions and a half. In this case, P= 4483529, wi=30, 

£=17, and 1+— ^= . If w= 10, log. ^=log. 4483529 

mb 510 

+ 10 (log. 523— log. 510) =6.7609349 =log. 5766800; 

<and if n = 15, then log. A = 6.8155924 = log. 654022a 

M. Humboldt's statement therefore accords very nearly with this 

method of calculation; as it appears from it, that in 1803 the 

population would amount to 5766800, and in 1808 to 6540220 

persons. 
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LIV. 

On the Solution of Exponential Equations. 

194. Exponential equations are such as contain quantities 
with unknown or variable indices; and their solution consists in 
making such a separation of thf known and unknown quantities, 
as to express the latter in terms of the former. The method of 
doing this will be understood by attending to the solution of 
the following Examples. 

Example 1. 
Find the value ofx in the equation a* =&. 
Taking the hgarithwi of the equation a* =6, we have 

x.log.a=log.6, .•. x=r-^— ; thus, let a=5, 6=100, then 

log. a 

• ^ s.* ** ,,w* 1°£- 100 2.0000000 

in the equation 5*= 100, a?= — as w = 2 . 864. 

. log. 5 0.6989700 

Exam. 2. 

To find the value of x in the equation a l *=:c. 
Assumed b*=y, then a*~c 9 and y.log. a=log. c, .\ y= 

,°*' C ; hence 6*== °^' c (which let) =<f. Take the logarithm 
log. a log. a 

of the equation 6*=d, then (by Ex. I.) xs:--^--; thus, let 

log. b 

<i= 9, J= 3, c= 1000, then in the equation 9 3 *= 1000, g * c = 

log. A 

log. 1000 ^3 14(s=d) and x= lo^ = log 1 3^ =: 4^9 ! 96 
log.9 log. A log.3 .4771213 

= 1 .04. 

Exam. 3. 



( h ) In considering the nature of an exponential of the form a bs ,\t should 
be recollected that it means, a to Ike power ofb* y and not a* to the power ofx* 

2G 
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Exam. 3. 

ill* A. 

Find the -value ofxin the equation ■ > ■ ■ - =g. 

By reduction alf=sde—C) .'.log. o>^oclog. (de— c); land 
fby Arts. 173, l?&> log. a+xAog. icclog. (de^c); hence 

x. log. A=log. (de— c)— log. of and x= "*^ ~ '""" °*** — 4 

log. 6 

Exam. 4. 

JY'nd *A* vato ofx in /Ae equation a*= V A< „ . 

Taking the logarithm, we have x x log. a=log. *jt?—c* 
-log. ((f^l log. (i'-c 8 )-* l«.^*jk«.(* + c)(^c) 
-J (3 log. d+log.e)=^log.<i + c) + i-(log.ir-«)-f log. d 
— J log. e; hence x= 

*log.(*-f-c)-f flog (b^c)— iiog. i— Jlog.e 

log. a 

Exam. 5. 

Make suck a separation of the quantities in the equation 

(a--«y =5 fl+^ as to shew that ^ = j°g'( fl + *> 
7 - 1—* log. (a— b) 

Taking the logarithm, we have 

x. log. (a* — b*) = log. (a + b), 

or x.log. (a+fr) (a— fl)=log.(a+ J), 

i.e.x.log.(a + t)+x.log.(a-£)=log.(a-f *)• 

Hence x . log. (a — t) = log. (a + 1) — x. log. (a -f i) = 

[(l-x)Jog.<a-f-£); 

x log, (a -ft) 

•"• l^x~log.(a--J) # 

Exam. 6. 

1 1 9 

Fiwd the value of x in the equation -a'-f- -= — a*-f 1. 

(\ 2 \ 11 2 

By transposition, \ - — rr / a*= 1 — ~, or — <f= r; .\ a*= 1 0, 

DID «7 lo *3 

and x.log. a=log. 10= 1 ; hence x== . 

log. a - 

Exam. 7. 
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Exam. 7. 

Given log. x + log. y = - , 

y to find the values of x and y. 
and log.x— log. j/=-, 

5 1 
By additiort, 2 log. x=-+- = 3, but 2.log. x= log. x a ; 

« 2 2 

therefore log.x"=3, and (by Art. 181) x a =1000 (a) ; .•.*;= 
^/lOOOrrSl.62. By subtraction, 2.log. y=- — ~ = 2; 
.\ log.y f =2, and (by Art. 181) j/ f =JOO; /. y=lo. 



In this treatise we have endeavoured to explain and illus- 
trate, in as concise a manner as the subject will admit of, the 
first principles of Algebra; and it is presumed, that nothing 
has been neglected which may be considered as preparatory 
to the study of the higher branches of that science. We might, 
therefore, now proceed to the solution of cubic, biquadratic^ 
and the higher orders of equations; but that will form the 
subject of a separate treatise. 



( a ) For a 9 is the number whose logarithm is 3, i.e. 1000. 



THE END. 
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Principles of Education." Two vols. Third Edition, 12*. in boards. 

20. LETTERS to a YOUNG LADY, on a Variety 

of useful and interesting Subjects ; calculated to improve the Heart, 
form the Manners, and enlighten the Understanding. By the Rev. 
J. Bennett. 2 vols. Fourth Edition, 9#. in boards. 

81. STRICTURES on the MODERN SYSTEM of 

FEMALE EDUCATION. With a View of the Principles and Con- 
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More. Twelfth Edition, 2 vols. 12* in boards. 

22. LECTURES on the CATECHISM of the 

CHURCH of ENGLAND. By William Gilpin, M. A. Seventh 

Edition, 12mo. price 3*. 6rf. 

23. ELEMENTS of GENERAL HISTORY, An- 
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Comparative View of Ancient and Modern Geography. By Alexander 
Frazer Tytler, Esq. 2 vols. 8vo. Sixth Edit, with Maps, 1 6s. boards. 

24. A CRITICAL PRONOUNCING DICTIONA- 

RY, and Expositor of the English Language. By John Walker. 
In one large vol. 8vo. without the smallest abridgment. Twentieth 
Edition, price 14s. in boards. 
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